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Abstract
Action integral for a matter system composed of 0- and 2-forms, C and Bµν , topo-
logically coupled to 3D spin-3 gravity is considered first in the frame-like formalism.
The field C satisfies an eq of motion, ∂µ C + Aµ C − C A¯µ = 0, where Aµ and A¯µ are
the Chern-Simons gauge fields. With a suitable gauge fixing of a new local symmetry
and diffeomorphism, only one component of Bµν , say Bφr, remains non-vanishing and
satisfies ∂µBφr + A¯µBφr −Bφr Aµ = 0. These eqs are the same as those for 3d (free)
Vasiliev scalars, C and C˜. The spin connection is eliminated by solving the eq of motion
for the total action, and it is shown that in the resulting metric-like formalism, (BC)2
interaction terms are induced because of the torsion. The world-volume components
of the matter field, C0, Cµ and C(µν), are introduced by contracting the local-frame
index of C with those of the inverse vielbeins, Eµa and E
(µν)
a , which were defined by
the present authors in arXiv:1209.0894 [hep-th].
3D higher spin gravity theory contains various metric-like fields. These metric-like
fields, as well as the new connections and the generalized curvature tensors, introduced
in the above mentioned paper, are explicitly expressed in terms of the metric gµν and
the spin-3 field φµνλ by means of the φ-expansion. The action integral for the pure spin-
3 gravity in the metric-like formalism up to O(φ2), obtained before in the literature,
is re-derived. Then the matter action is re-expressed in terms of gµν , φµνρ and the
covariant derivatives for spin-3 geometry. Spin-3 gauge transformation is extended to
the matter fields.
It is also found that the action of the matter-coupled theory in the metric-like
formalism has larger symmetry than that of the pure spin-3 gravity. The matter-coupled
theory in the metric-like formalism is invariant under the ordinary diffeomorphisms,
because the vielbein and the spin connection are covariant vectors of diffeomorphisms.
They are also gauge fields for the local translation. In the pure spin-3 gravity this
symmetry provides the ordinary diffeomorphism and the spin-3 transformation in the
metric-like formalism. When the matter is coupled, the local translation yields a new
symmetry in the metric-like formalism, which does not contain diffeomorphism.
1
1 Introduction
In these several decades, study of higher-spin gauge theories has made steady progress. In
the frame-like approach, Vasiliev proposed non-linear equations of motion for infinite tower
of higher-spin gauge fields.[1][2][3][4] Although its description based on an action principle
is still under investigation, it was conjectured that the higher-spin gravity in 3 dimensions
is dual to the 2D W minimal CFT models,[5][6][8][7][9] and this duality (correspondence)
has been studied in the version of the model with linearized scalar fields.[10][11][12][13][14]
It was also noticed that in 3 dimensions great simplifications occur.[15][16] The higher-
spin fields can be truncated to only those with spin s ≤ N and the theory with negative
cosmological constant in the frame-like approach can be defined in terms of the SL(N,R)×
SL(N,R) Chern-Simons action. Various black hole solutions were found and their properties
were studied.[17][18][21][19][11][20][22][23][24] In this frame-like approach the gravity and the
higher-spin fields are described in terms of the vielbein eaµ (a = 1, .., N
2 − 1) and the spin
connection ωaµ and the action integral is first order in the derivatives of these fields.
In gravity theories, there also exists a metric-like approach. In this approach the fields are
metric tensor gµν and higher-spin gauge fields, and an action for massless higher-spin fields
was proposed by Fronsdal.[25] Correlation functions on the boundary CFT are studied by
using holographic renormalization.[26]Cubic interaction vertices were also constructed.[27]
In this approach the action is second order in the derivatives. It is more suitable for under-
standing of geometric properties.
In 3D spin-3 gravity such an action was constructed in [28] by perturbation in powers of
the spin-3 field φµνρ up to O(φ2) . In [29] the present authors eliminated the spin connection
from the SL(3, R) × SL(3, R) Chern-Simons theory by solving the torsion-free condition
and then substituting the solution into the action integral. In this way we obtained an
action integral which is quadratic in the derivatives of fields without using the perturbative
methods. For this purpose we introduced a subsidiary vielbein ea(µν), which is expressed in
terms of the ordinary vielbein eaµ, in order to define inverse vielbeins, E
µ
a , E
(µν)
a . This allowed
us to solve the torsion-free conditions. We defined generalizations of the Christoffel symbols
and curvature tensors. However, the action still contains metric-like fields expressed in
terms of the vielbeins and the structure constants of the Lie algebra. In this sense, although
the theory is in the second-order formalism, it is not a complete metric-like formalism.
On the other hand, the existence of the second-order formalism is explicitly demonstrated.
Advantage of our formalism is that this can be established to all orders in φ. To express
the action only in terms of the metric-like fields, it is necessary to express the vielbein in
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terms of the metric and the spin-3 field, and substitute the result into the action integral.
This can be performed only by perturbation in powers of the spin-3 field. This is one of the
purposes of this paper. We will express ΓMµN , R
M
Nµν and other quantities in terms of gµν
and φµνλ explicitly, and then express the action integral for spin-3 gravity in terms of the
metric-like fields, and justify our formalism. The action for the spin-3 field turned out to
agree with the result of [28].
Now, although 3D higher-spin gauge theory can be formulated in terms of the Chern-
Simons theory, this is just a ‘pure spin-3 gravity’ theory. It is desirable to include matter
fields. Actually, there must be ‘scalar fields’ in Vasiliev theory. It is, however, a very difficult
task to construct action integrals for matter fields interacting with higher-spin gravity fields
in an invariant manner in the metric-like approach. To our knowledge, this has never been
done in the literature. In the second half of this paper, we will extend the 3D spin-3 gravity
theory by topologically coupling matter fields. Matter fields are a 0-form C and a 2-form
B = 12 Bµν dx
µ ∧ dxν . Hamiltonian analysis of this model will be performed and it is shown
that for fixed flat Chern-Simons gauge fields, A, A¯ = ω± 1ℓ e, this model provides Lagrangian
formulation of the scalars in (free) 3d Vasiliev theory.
These matter fields are 3 × 3 matrices and have local frame indices: Ca, C0, Baµν , B0µν .
(a = 1, 2, .., 8) This is a frame-like approach. By contracting these indices with those of the
vielbeins eaµ, e
a
(µν), or their inverse E
µ
a , E
(µν)
a , we obtain matter fields with world-volume
indices in the metric-like approach: C0, Cµ = Eµa c
a, C(µν) = E
(µν)
a Ca, etc. The C field is
not just a scalar field, but turned into a set of scalar, vector and tensor fields. Similarly for
B.
In order to construct the spin-3 gravity theory interacting with the matter fields in the
metric-like formalism, we need to eliminate the spin connection ωaµ by using some of the
equations of motion. Due to the matter-coupling the equation of motion with respect to
the spin connection is different from the one for the pure spin-3 gravity: a torsion tensor
appears. The result ω˜aµ(e,B,C) differs from the one ω
a
µ(e) obtained by solving the equation
of motion in the pure spin-3 gravity. Accordingly, the Christoffel-like connections and the
spin connection must be replaced by new ones. We will show that the action integral for the
pure spin-3 gravity sector and that for the matter sector get extra interaction terms, which
are quadratic in the torsion tensor and of quartic order of matter fields, (BC)2. The action
for the gravity sector is given by
SCS =
k
48πℓ
∫
d3x
(
−ǫµνλ FµMN RMNνλ + 24
ℓ2
e˜− 2 ǫµνλ FµMN ∆ΓMνK ∆ΓKλN
)
(1.1)
e˜ is a generalized cosmological term (3.20). FµM
N is a metric-like tensor defined in (3.37)
3
and appendix E. The first and the second terms can be rewritten as a sum of Einstein-Hilbert
action and Fronsdal’s spin-3 gauge action. The matter action in the metric-like formulation
is given by
Smatter =
∫
d3x
√−g
[
BN
λ
(
∇λ CN + 1
ℓ
KNMλ C
M
)
+
2
ℓ
Bλ
λ C0
+B0
λ
(
∂λ C
0 +
4
3ℓ
Cλ
)
+BN
λ CM ∆ΓNλM
]
(1.2)
Here ∇λ is a covariant derivative associated with the connections ΓMµN . BNλ and B0λ
are defined in (4.46)-(4.47), and another metric-like tensor KNMλ is given in (4.49) and
appendix C. ∆ΓNλM , (4.33), is a shift of the connection Γ
N
λM due to the torsion. Those
terms which include ∆Γ yield fourth order interactions of the form (BC)2. Under spin-3
transformation, fields C0, Cµ and C(µν) transform into each other, and the transformation
rule will be obtained explicitly.
The novel feature of the spin-3 gravity with matter coupling is that local translation of the
metric gµν and the spin-3 gauge field φµνλ contains terms which depend on the matter fields
C, B through the torsion tensor. This symmetry has an origin in the gauge symmetry of
the frame-like formalism. However, our spin-3 gravity with matter coupling is still invariant
under diffeomorphism, because the vielbein eaµ is a covariant vector under diffeomorphism.
Hence, the difference of the two transformations is also a symmetry transformation, and
the symmetry of the spin-3 gravity theory in the metric-like formalism is enhanced by the
matter coupling. We also find that the transformation rules of the matters, C and B, become
non-linear in the matter fields.
This paper is organized as follows. In sec.2 our second order formalism will be reviewed
briefly. In sec.3 various metric-like fields will be expressed in terms of the metric gµν and the
spin-3 field φµνλ by using perturbation in φ. The four kinds of the generalized Christoffel
connection ΓMµN , the generalized curvature tensorR
M
Nµν and the action integral for the pure
spin-3 gravity, are then expressed in terms of these fields. The transformation properties
of gµν and φµνλ are then studied. In sec.4 an action integral for matter fields coupled to
the spin-3 gravity is explicitly written down. Hamiltonian analysis of this model will be
performed.The action integral is then converted into a metric-like form by contracting the
indices of the matter fields with those of the vielbeins. Transformation rules of the matter
fields under spin-3 transformation will be worked out explicitly. Sec.5 is a summary. In
appendix A some formulae for sl(3, R) algebra are presented. This appendix is the same as
appendix A of [29], but included for convenience. In appendices B-H, some equations for
tensors and transformations are presented. We performed various computations by using
xAct packages for Mathematica[30].
4
2 Brief Review of the Formalism
In [29] we defined a subsidiary field ea(µν) in terms of the vielbein field e
a
µ.
ea(µν) =
1
2
dabc e
b
µ e
c
ν −
1
6
gµν g
λρ dabc e
b
λ e
c
ρ (2.1)
This is symmetric under interchange of µ and ν. The second term on the righthand side
ensures that ea(µν) is traceless: g
µν ea(µν) = 0 so that e
a
(µν) has five independent components
with respect to the indices µ, ν. In spin-3 gravity the index a is associated with SL(3, R)
and runs over a = 1, 2, . . . , 8. So the set of generalized vielbeins, (eaµ and e
a
(µν)), makes up
an 8 × 8 matrix.
This allows us to define the inverse vielbeins, Eµa and E
(µν)
a , by the relations,
Eµa e
a
ν = δ
µ
ν , E
µ
a e
a
(νλ) = 0,
E(µν)a e
a
λ = 0, E
(µν)
a e
a
(λρ) = δ
µ
λ δ
ν
ρ + δ
ν
λ δ
µ
ρ −
2
3
gλρ g
µν , (2.2)
and then solve the torsion-free condition ∂µ e
a
ν − ∂ν eaµ + fabc ωbµ ecν − fabc ωbν ecµ = 0 and
express the spin connection ωaµ in terms of the vielbeins. The result is
ωaµ = ω
a
µ(e) ≡
1
12
fabc E
λ
b ∇µ ecλ +
1
24
fabc E
(λρ)
b ∇µ ec(λρ). (2.3)
Here ∇µ is a new covariant derivative. For this definition, we need to introduce some
notation for indices. Let M,N, . . . denote a set of two types of indices, µ and (ν, λ). Then
covariant derivatives of tensors, VM , V
M , with this type of indices are defined by
∇µ VM = ∂µ VM − ΓNµM VN = ∂µ VM − ΓνµM Vν −
1
2
Γ
(νλ)
µM V(νλ), (2.4)
∇µ VM = ∂µ VM + ΓMµN V N = ∂µ VM + ΓMµν V ν +
1
2
ΓMµ(νλ) V
(νλ). (2.5)
Note that a factor 12 is associated to the summation over the pair of indices (µν). We will use
this summation convention throughout this paper. There are four types of connections ΓMµN
according to the types of M and N . These are generalizations of the Christoffel symbol in
the ordinary gravity.1 In [29] the expression for these connections are determined in terms of
the metric-like quantities in such a way that the full covariant derivatives of the generalized
vielbeins vanish: Dµ e
a
ν = ∇µeaν+fabc ωbµ eaν = 0 and Dµ ea(νλ) = ∇µea(νρ)+fabc ωbµ ea(νρ) = 0.
The (extended) metric compatible with the covariant derivatives ∇µ is given by
GMN = e
a
M eaN . (2.6)
1A generalization of Christoffel symbol in higher-spin gauge theories was once considered in [36]. The
direction of the generalization is, however, different from ours.
This is decomposed into four blocks and three of them are related to the metric and the
spin-3 field: the first block is the ordinary metric, Gµν = gµν . Off-diagonal blocks are
Gµ(νρ) = G(νρ)µ = φµνρ − 13 gνρ gλσφλσµ, where φµνρ is the spin-3 field. The last one
G(µν)(λρ) is new, but in principle can be expressed in terms of gµν and φµνλ, as is displayed
in appendix B. However, the covariant derivative ∇µ defined above mixes the two types of
indices, µ and (µν), and the last component G(µν)(λρ) is also important. The perturbative
expansions of GMN and G
MN in powers of φ are given in appendix B.
In order to distinguish the ordinary Christoffel symbol from the above new connections
ΓMµN , the former will be denoted as Γˆ
µ
νλ throughout this paper. The covariant derivatives
and the curvature tensor associated with the Christoffel symbol will be denoted as ∇ˆµ and
Rˆλ ρµν , respectively.
3D spin-3 gravity is defined by SL(3, R)× SL(3, R) Chern-Simons action and the field
variables are the vielbein eaµ and the spin connection ω
a
µ. This is a first-order formalism.
By substituting ωaµ(e) in (2.3) into ω
a
µ in the Chern-Simons action, an action integral in the
second-order formalism was obtained in [29]. In the next section we will express the action
integral and several geometric quantities only in terms of the metric and the spin-3 field by
using perturbative expansions in φ.
3 Vielbein in terms of metric-like fields
As was explained in [29], there are various metric-like fields in spin-3 gravity. Among
them the metric field gµν and the spin-3 field φµνλ are important because the others are
assumed to be expressible in terms of these. They are define by2
gµν =
1
2
tr eµ eν = hab e
a
µ e
b
ν , (3.1)
φµνλ =
1
4
tr eµ {eν , eλ} = 1
2
dabc e
a
µ e
b
ν e
c
λ (3.2)
Here { , } is an anti-commutator. Other metric-like fields are similarly defined in terms
of traces of products of the vielbeins, so if the above relations were solved for eµ, all the
metric-like fields would be expressed in terms of gµν and the spin-3 field φµνλ. This is what
we are up to. The vielbein eaµ has 24 components, and among them 8 of those are gauge
degrees of freedom for local ’Lorentz rotations’. Up to these gauge transformations, the
vielbein is expected to be obtained uniquely.
By using the Killing metric hab
3 the explicit form of relation (3.1) reads
gµν = e
2
µ e
2
ν − 2 (e1µ e3ν + e3µ e1ν) + 8 (e4µ e8ν + e8µ e4ν)− 2 (e5µ e7ν + e7µ e5ν) +
4
3
e6µ e
6
ν (3.3)
2For the definitions of the basis ta of sl(3, R), see appendix A.
3See appendix A for our conventions.
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Similar, but more involved eqs for φ can also be written down explicitly using the symmetric
structure constant dabc The indices µ, ν.. run over r, t, φ.
At present, this attempt can be fulfilled only perturbatively: we must assume that φµνλ
is small, and resort to expansions in powers of φ. We will use the following gauge fixing
conditions for local frame rotations.
ear = 0, (a 6= 2, 6) (3.4)
The remaining two are given by
e1t = e
3
t , e
7
t e
1
φ + e
5
t e
3
φ = 0. (3.5)
First, the eqs for grr and φrrr,
grr = (e
2
r)
2 +
4
3
(e6r)
2, (3.6)
φrrr = −8
9
(e6r)
3 + 2 (e2r)
2 e6r, (3.7)
are combined into a cubic eq for e6r
(e6r)
3 − 9
16
grr e
6
r +
9
32
φrrr = 0 (3.8)
This eq has one or three real roots according to the sign of the discriminantD = (81/4096)φ2rrr−
(27/256) g3rr: for D < 0 there are three real roots.
e6r = ω
k (− 9
64
φrrr + i
√
−D)1/3 + ω3−k (− 9
64
φrrr − i
√
−D)1/3 (k = 0, 1, 2) (3.9)
Here ω = e2πi/3, and
√−D denotes the positive root. For D ≥ 0 there is only a single one.
e6r = (−
9
64
φrrr +
√
D)1/3 + (− 9
64
φrrr −
√
D)1/3 (3.10)
Assuming that grr > 0,
4 D turns out negative for small |φrrr|, and there are three solutions
for the inversion problem. For φ = 0, the solutions are e6r = 0,± 34
√
grr. Because φ = 0
corresponds to the ordinary spin-2 gravity, in what follows, we will choose the branch which
reduces to e6r = 0 at φ = 0. This solution is smoothly connected to the one for D ≥ 0 and
large |φrrr|. Then the small φ expansion for e6r is given by
e6r =
1
2
(grr)
−1 φrrr +
2
9
(grr)
−4 (φrrr)
3 + . . . (3.11)
In turn, e2r is determined by solving (3.6).
e2r =
√
grr − 4
3
(e6r)
2 =
√
grr + . . . (3.12)
4Throughout this paper the world-volume indices take values µ, ν, · · · = r, t, φ, and the signature is
(+,−,+).
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The above eq shows that there is an upper bound for |φrrr|, given the value of grr: (3.8)
shows that φrrr grows as (e
6
r)
3 for large e6r.
The eqs for grt, grφ, φrrt and φrrφ determine e
6
t , e
6
φ, e
2
t and e
2
φ. Results are
e6t =
3
2 φrrt − 2 grt e6r
grr − 163 (e6r)2
, (3.13)
e2r =
(grr − 83 (e6r)2) grt − 2φrrt e6r
grr − 163 (e6r)2
, (3.14)
e6φ =
3
2 φrrφ − 2 grφ e6r
grr − 163 (e6r)2
, (3.15)
e2φ =
(grr − 83 (e6r)2) grφ − 2φrrφ e6r
(grr − 163 (e6r)2) e2r
. (3.16)
The solution (3.11) is to be substituted into the above.
The remaining eqs for gtt, gtφ, gφφ, φrtt, φrtφ, φrφφ, φttt, φttφ, φtφφ and φφφφ provide
a set of coupled eqs that can at best be solved only by perturbations in powers of φ. The
redundancy in these eqs can be removed by the gauge fixing (3.5). To leading order O(φ0)
we have
e1 =
1
2
√−g
grr
gφφ dt+
1
2
√
grr gφφ
(−√−g gtφ −√grr) dφ, (3.17)
e2 =
√
grr dr +
1√
grr
grt dt+
1√
grr
grφ dφ, (3.18)
e3 =
1
2
√−g
grr
gφφ dt+
1
2
√
grr gφφ
(−√−g gtφ +√grr) dφ. (3.19)
Here gµν is the inverse of gµν and g is the determinant of gµν . Other vielbeins e
4, . . . , e8
begin with O(φ1). In order to compute the action integral to the first non-trivial order, and
in terms of the metric-like fields, we computed e1, e2, e3 up to O(φ2) and e4, . . . , e8 up to
O(φ3).
3.1 Connections and Curvature Tensor
By using the above results we can compute all quantities necessary for writing down the
action integral. These include the generalized cosmological term.5
e˜ =
1
6
ǫµνλ fabc e
a
µ e
b
ν e
c
λ =
√−g
(
1 +
1
2
φµ φ
µ − 1
3
φµνλ φ
µνλ +O(φ4)
)
(3.20)
Here ǫµνλ is a unit completely anti-symmetric symbol with ǫrtφ = +1.
5 φµ = φµνλ g
νλ. Indices are raised and lowered by gµν and gµν , except for ξM , ξM and C
M , CM in
sec.4. In the latter case, GMN and GMN play the role of interchanging the indices.
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To compute Christoffel-like connections ΓMµN , it is necessary to define tensor M(µν)(λρ)
and its inverse, J (µν)(λρ). These are defined[29] as
M(µν)(λρ) = G(µν)(λρ) −G(µν)α gαβ Gβ(λρ), (3.21)
1
2
J (µν)(σκ)M(σκ)(λρ) = P
µν
λρ ≡ δµλ δνρ + δµρ δνλ −
2
3
gµν gλρ (3.22)
Here Pλρµν is a projector onto a space of symmetric traceless tensors.
6 These have the
expansion, M = M (0) +M (2) + . . . , where M (n) = O(φn), and similarly for J . The 0-th
terms are given by
M
(0)
(µν)(λρ) =
1
4
gµσ gνκ P
σκ
λρ , (3.23)
J (0)(µν)(λρ) = 4 gσλ gκρ Pµνσκ (3.24)
One of the four connections, Γ
(λρ)
µν , is given by
Γ(λρ)µν =
1
6
(∇ˆµΦνκσ + ∇ˆν Φµκσ − ∇ˆκ Φµνσ)J (κσ)(λρ) + 1
4
Sµν,κσ J
(κσ)(λρ). (3.25)
Here Φ is the traceless part of φ: Φµνλ = φµνλ − 15 (gµν φλ + gνλ φµ + gλµ φν). Sµν,κσ is a
tensor obtained by solving a few algebraic equations7 and the formal solution was presented
in appendix D of [29], where Sµν,κσ is given as an infinite sum of S
(n)
µν,κσ, which is O(φ2n+1).
Up to O(φ2), it is given by
Sµν,λρ = S
(0)
µν,λρ = −
3
5
gµν (Aλρ +Aρλ)− 2
5
gλρ (Aµν +Aνµ)
+
3
5
gµν gλρAαα − 3
10
(gµλ gνρ + gµρ gνλ)Aαα
+
1
5
gµλ (2Aνρ +Aρν) + 1
5
gνλ (2Aµρ +Aρµ)
+
1
5
gµρ (2Aνλ +Aλν) + 1
5
gνρ (2Aµλ +Aλµ) +O(φ3), (3.26)
where Aµν is given by
Aµν = ∇ˆµ φν − 5
9
∇ˆλ Φµνλ +O(φ3)
=
10
9
∇ˆµ φν + 1
9
∇ˆν φµ − 5
9
∇ˆρ φµνρ + 1
9
gµν ∇ˆλ φλ +O(φ3). (3.27)
In eq (D.2) of [29], which defines Aµν , there also appears a term containing Wσκ. This
quantity, however, can be shown to be O(φ3) and does not contribute here.
By using (3.28), (3.24) and (3.26), we obtain
Γ(λρ)µν = −
4
3
∇ˆ(λ φρ)µν −
8
3
gµν ∇ˆ(λ φρ) + 8
3
δ
(λ
(µ ∇ˆν) φρ) +
8
3
∇ˆ(µ φλρν)
+
8
3
δ
(λ
(µ ∇ˆρ) φν) −
8
3
gλρ ∇ˆ(µ φν) +
4
3
gµν ∇ˆσ φλρσ − 8
3
δ
(λ
(µ ∇ˆ|σ| φρ)ν)
σ
+
4
3
gλρ ∇ˆσ φµνσ − 2
3
δ(λµ δ
ρ)
ν ∇ˆσ φσ +
2
3
gλρ gµν ∇ˆσ φσ +O(φ3). (3.28)
6 1
2
Pµνκσ P
κσ
λρ
= Pµν
λρ
7Eqs (3.30) and (3.32) in [29]
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Indices between parentheses are meant to be completely symmetrized, and dividing by the
number of terms that are needed for symmetrization is understood.
Then Γλµν is obtained by using the formula Γ
λ
µν = Γˆ
λ
µν − 12 Γ
(σκ)
µν φσκ
λ. 8
Γλµν = Γˆ
λ
µν −
4
3
φλρσ ∇ˆ(µ φν)ρσ +
4
3
φλ ∇ˆ(µ φν) −
4
3
φλ(µ
ρ ∇ˆν) φρ +
1
3
φλµν ∇ˆρ φρ
−4
3
φλ(µ
ρ ∇ˆ|ρ| φν) +
2
3
φλρσ ∇ˆρ φµνσ − 2
3
φλ ∇ˆρ φµνρ + 4
3
φλρ(µ ∇ˆ|σ| φν)ρσ
+
4
3
gµν φ
λρσ ∇ˆρ φσ − 2
3
gµν φ
λρσ ∇ˆκ φρσκ − 1
3
gµν φ
λ ∇ˆρφρ +O(φ4) (3.29)
The remaining two, Γρµ(νλ) and Γ
(ρσ)
µ(νλ) are obtained by using eqs (4.12) and (4.13) in [29].
For computing Γρµ(νλ) to the leading order, which is O(φ1), we need to evaluate a quantity,
Kρ(σκ)λ ≡ dabcEρa eb(σκ) ecλ
= −1
3
δρλ gσκ + δ
ρ
(σ gκ)λ +O(φ2) (3.30)
and we obtain
Γρµ(νλ) = −
1
3
∇ˆρ φµνλ + 1
3
gνλ ∇ˆρ φµ − 1
3
gµ(ν ∇ˆρ φλ) +
2
3
∇ˆµ φρνλ
−1
3
δρ(ν ∇ˆ|µ| φλ) +
1
3
∇ˆ(ν φρλ)µ −
1
3
gµ(ν ∇ˆλ) φρ −
1
3
δρ(ν ∇ˆλ) φµ
+
2
3
δρµ ∇ˆ(ν φλ) −
1
3
gνλ ∇ˆσ φσρµ +
1
3
gµ(ν ∇ˆ|σ| φσρλ) +
1
3
δρ(ν ∇ˆ|σ| φλ)µσ
−1
3
δρµ ∇ˆσ φνλσ +
1
6
δρ(ν gλ)µ ∇ˆσ φσ −
1
6
δρµ gνλ ∇ˆσ φσ +O(φ3). (3.31)
For computing Γ
(ρσ)
µ(νλ), we also need to evaluate another quantity,
K(ρσ)(κη)λ ≡ dabcE(ρσ)a eb(κη) ecλ
= −4
3
gλ(κ φ
ρσ
η) +
4
3
gκη φ
ρσ
λ +
8
3
δ
(ρ
λ φ
σ)
κη −
8
3
δ
(ρ
(κ φ
σ)
η)λ −
4
3
gλ(η δ
(ρ
κ) φ
σ)
−4
3
φ(η δ
(ρ
κ) δ
σ)
λ +
4
3
gρσ gλ(κ φη) +
4
3
δρ(κ δ
σ
η) φλ −
8
9
gρσ gκη φλ +O(φ3).(3.32)
By using this tensor, we obtain
Γ
(ρσ)
µ(νλ) = 4 δ
(ρ
(ν Γ
σ)
|µ|λ) −
4
3
gρσ gκ(ν Γ
κ
|µ|λ) −
2
9
gρσ gνλ φκτ
ηΓ(κτ)µη +
2
3
gη(ρ gνλ φ
σ)
κτ Γ
(κτ)
µη
−2
9
gνλ g
η(ρ φσ)Γ(κτ)µη +
1
2
K(ρσ)(κτ)(ν Γ
(κτ)
|µ|λ)
−1
6
gνλ g
αηK(ρσ)(κτ)η Γ
(κτ)
µα +O(φ4) (3.33)
Note that this expression contains other kinds of Γ’s and they must be substituted. The final
result is complicated and will not be displayed here. This connection has a non-vanishing
trace with respect to the lower paired indices: gνλ Γ
(ρσ)
µ(νλ) = −2 ∂µ gρσ− 23 gρσ gνλ ∂µ gνλ. This
8eq (3.17) in [29]
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is because the definition of this connection, Γ
(ρσ)
µ(νλ) = E
(ρσ)
a (∂µ e
a
(νλ)−∇µ ea(νλ)) contains the
derivative ∂µ of the vielbein. However, contrary to the expectation, the similarly defined
connection, Γρµ(νλ), does not have a trace, g
νλ Γρµ(νλ) = 0, as can be checked by using (3.31).
Finally, we turn to the generalized curvature tensor. This was defined in eq (6.11) of
[29].
RMNµν ≡ ∂µ ΓMνN − ∂ν ΓMµN + ΓMµK ΓKνN − ΓMνK ΓKµN . (3.34)
The components can be obtained by substituting the above results, and some of them are
presented in appendix D. Here we make a brief comment. Firstly, to the leading order, the
component Rλρµν agrees with the ordinary Riemann tensor in 3 dimensions, as it should.
Rλρµν = Rˆ
λ
ρµν +O(φ2), (3.35)
where Rˆλ ρµν = ∂µ Γˆ
λ
νρ − ∂ν Γˆλµρ + Γˆλµκ Γˆκνρ − Γˆλνκ Γˆκµρ = δλµ Rˆρν −
1
2
Rˆ δλµ gνρ + . . . . The
second-order terms are too complicated to present here.
Secondly, two types of components, R(ρσ)λµν and R
(ρσ)
(λκ)µν , turn out to contain terms
proportional to the ordinary Christoffel symbols. Therefore, these components do not act
as tensors under diffeomorphism. The reason can be traced to the derivative ∂µ on Γ
M
νN in
(3.34). The traceless condition gρσ R
(ρσ)
Nµν = 0 is jeopardized by the derivative. However,
those terms proportional to the Christoffels are all proportional to gρσ, and by contracting
these components by the projector Pαβρσ (3.22), we can obtain quantities covariant under
diffeomorphisms. This means that more appropriate definition of the generalized curva-
ture tensor may be the one, obtained by projecting out some terms by using (3.22), like[
R(ρσ)λµν
]
redefined
= 12 P
ρσ
αβ R
(αβ)
λµν
If the indices of these curvature tensors are, however, contracted with other tensors, such
as FµM
N (3.37) below, which also play the role of projector, it is not necessary to perform
the above-mentioned redefinition. This is indeed the case for the calculation of the action
integral in the next subsection.
3.2 Action Integral for pure spin-3 Gravity
As was shown in [29], the second-order action for spin-3 gravity obtained by substituting
(2.3) into the Chern-Simons action is given by
Ssecond-order =
k
4πℓ
∫
tr e ∧ (dω(e) + ω(e) ∧ ω(e) + 1
3ℓ2
e ∧ e),
=
k
48πℓ
∫
d3x
{
−ǫµνλ FµMN RMNνλ + 24
ℓ2
e˜
}
(3.36)
11
Here k = ℓ/4G and G is the 3D gravitational constant, and ℓ is the cosmological length
related to the cosmological constant by Λ = −2/ℓ2.9 e˜ is the cosmological term presented
in (3.20). The quantity FµM
N multiplying the generalized curvature is given by
FµM
N ≡ fabc ecµ ebM ENa . (3.37)
Because eb(νλ) and E
(νλ)
a are traceless when contracted with gνλ and gνλ, respectively, this
quantity acts as a projector. So, only the tensor part of the generalized curvature, RMNνλ,
contributes to the action integral, and the action integral is invariant under diffeomorphism.
Therefore the projection in terms of Pµνλρ mentioned in the previous subsection is not neces-
sary in this case. To express the action in terms of gµν and φµνλ, perturbative expansions for
the tensor FµM
N must be worked out. Some of the components are displayed in appendix
E.
The resulting second-order action up to O(φ3) is given by
Ssecond-order =
k
48π
∫
d3x
√−g (L0 + L2 +O(φ4)) . (3.38)
Here L0 = 12(Rˆ +
2
ℓ2 ) is the Lagrangian for Einstein-Hilbert action. An interesting ob-
servation is that not only Rλρµν but also R
(λρ)
(κσ)µν contribute to L0. This modifies the
coefficient in front of Einstein-Hilbert action. The next term is given by
L2 = − 8
ℓ2
φµνρ φ
µνρ +
12
ℓ2
φµ φ
µ + 16φµλρ φν
λρ Rˆµν − 2φµ φν Rˆµν − 8φµνλ φλ Rˆµν
−4φµνλ φµνλ Rˆ+ 2φµ φµ Rˆ− 2φµ ∇ˆµ ∇ˆν φν + 24φµνλ ∇ˆν ∇ˆλ φµ
−16φµνλ ∇ˆλ ∇ˆσ φµνσ + 4 ∇ˆµ φν ∇ˆν φµ + 4 ∇ˆµ φν ∇ˆµ φν − 16 ∇ˆµ φµνλ ∇ˆρ φρνλ
+16 ∇ˆµ φν ∇ˆλ φµνλ − 2 (∇ˆµ φµ)2 + 2φµ ∇ˆν ∇ˆµ φν − 8φµνλ ∇ˆρ ∇ˆλ φµνρ
+8φµνλ ∇ˆρ ∇ˆρ φµνλ − 4 ∇ˆµ φνλρ ∇ˆρ φνλµ + 20
3
∇ˆµ φνλρ ∇ˆµ φνλρ. (3.39)
This Lagrangian can be rewritten into the Fronsdal form by partial integration.
L2 =
4
3
[
φµνρ (Fµνρ − 3
2
gµν Fρ)− 3
2
Rˆ φµνρ φ
µνρ +
9
2
Rˆρσ φ
ρ
µν φ
σµν − 9
4
Rˆρσ φ
ρ φσ
− 6
ℓ2
φµνρ φ
µνρ +
9
ℓ2
φµ φ
µ
]
+
1√−g ∂ρ
[√−g Qρ] (3.40)
Fµνρ is the Fronsdal tensor
Fµνρ = ∇ˆλ ∇ˆλ φµνρ − 3
2
∇ˆλ ∇ˆ(µ φνρ)λ −
3
2
∇ˆ(µ ∇ˆλ φνρ)λ + 3 ∇ˆ(µ ∇ˆν φρ), (3.41)
and Fµ = Fµνλ gνλ. Qρ in the surface term is given by
Qρ =
20
3
φµνλ ∇ˆρ φµνλ + 4φµ ∇ˆρ φµ + 4φµ ∇ˆµ φρ − 2φρ ∇ˆµ φµ − 4φµνλ ∇ˆλ φµνρ
−16φµνρ ∇ˆλ φµνλ + 16φµνρ ∇ˆν φµ + 4φµνρ ∇ˆν φµ − 4φµ ∇ˆν φµνρ. (3.42)
9The normalization of the action (4.30) in [29] is not appropriate. It must be corrected by a factor 1/4.
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In this way the second-order action can be divided into three integrals:
Ssecond order = SEH + Sfree Fronsdal + Sboundary (3.43)
The bulk part of (3.40) is the linearized spin-3 Fronsdal action with φ mass terms, and
agrees with the result of [28]. 10 Sboundary =
∫
d2x
√−g Qr connects the CS action in the
metric-like formalism and the Einstein-Fronsdal type action in the metric-like formalism.
3.3 Transformations of the Metric-Like Quantities
The transformation properties of gµν and φµνρ were studied in [29]. It was shown that
gµν transforms as
δ gµν = ∇ˆµ ξν + ∇ˆν ξµ − Γ(λρ)µν ζ(λρ) = ∇µ ξν +∇ν ξµ. (3.44)
ξµ and ζµν = ξ(µν)−G(µν)ρ gρσ ξσ are parameters of diffeomorphism and spin-3 transforma-
tion.11 So, gµν behaves as a tensor under diffeomorphism. By using (3.28), the transforma-
tion rule under spin-3 transformation is also derived.
δζ gµν = −8
3
ζλρ ∇ˆ(µ φν)λρ −
8
3
ζ(µ
λ ∇ˆν) φλ −
8
3
ζ(µ
λ ∇ˆ|λ| φν)
+
4
3
ζλρ ∇ˆλ φµνρ + 8
3
ζ(µ
λ ∇ˆρ φν)λρ +
8
3
gµν ζ
λρ ∇ˆλ φρ
+
2
3
ζµν ∇ˆλ φλ − 4
3
gµν ζ
λρ ∇ˆσ φλρσ +O(φ3) (3.45)
This result agrees with that of [28].
The case of φµνρ =
1
4 tr eµ {eν, eρ} is more complicated. Under diffeomorphism it was
shown [29] that φ transforms as 12
δξ φµνλ = ξ
σ ∇ˆσ φµνλ + ∇ˆµ ξσ φσνλ + ∇ˆλ ξσ φσνµ + ∇ˆν ξσ φσµλ
+
1
5
gµν ξ
σ
(
∇ˆλ φσκκ − ∇ˆσ φλκκ
)
+
1
5
gνλ ξ
σ
(
∇ˆµ φσκκ − ∇ˆσ φµκκ
)
+
1
5
gµλ ξ
σ
(
∇ˆν φσκκ − ∇ˆσ φνκκ
)
+
{
1
5
gαβ (Sµα,νβ ξλ + Sµα,λβ ξν)− ξα Sµν,λα + cyclic permutations of µ, ν, λ
}
.
(3.46)
The appearance of this expression is quite different from the transformation rule of a rank 3
tensor. Thus the transformation rule of φµνρ =
1
4 tr eµ {eν , eρ} is a nontrivial issue, although
10Our φ and the spin-3 field ϕ in [28] are related as φµνρ = 3ϕµνρ.
11ξM =
1
2
tr (Λ
−
eM ). See eqs (5.4) and (5.5) of [29]. ζµν satisfies ζµν g
µν = 0.
12There is a typo in eq (5.13) of [29]. The coefficient 1/5 at the top of the last line of (3.46) is missing.
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the tensorial property of the counterpart, gµν =
1
2 tr eµ eν , is easy to justify. We have checked
that φµνρ behaves as a tensor up to O(φ4):
δξ φµνρ = ξλ ∇ˆλ φµνρ + 3φ(µνλ ∇ˆρ) ξλ +O(φ5). (3.47)
Since our standing point is to derive the transformation properties of the metric-like fields
by starting from the transformation rules of the frame-like fields under SL(3, R)×SL(3, R),
this fact is not evident. All order proof is not yet obtained.
Finally, we computed the spin-3 transformation of φ by using eqs (5.15) and (5.3) of [29].
δζ φµνλ = ∂µ ζνλ − 1
2
Γ
(ρσ)
µ(νλ) ζρσ + (cyclic permutations of µ, ν, λ)
= 3 ∇ˆ(µ ζνλ) +O(φ2) (3.48)
The 0-th order term of this transformation was first obtained in [28]. We also computed
the next O(φ2) terms. These are non-vanishing. However, they are complicated to display
here. The action integral (3.38) is invariant under the above O(φ0) transformations. This
was first shown by [28].
4 Matter Coupled to Spin-3 Gravity
In this section we will couple a (B,C) system composed of 0-form C and 2-form B =
1
2 Bµν dx
µ ∧ dxν to the spin-3 gravity topologically. These are 3 × 3 matrices and can be
expanded into the basis {t0, ta} (t0 = 1 is an identity matrix.)
C = CA tA = C
0 t0 + C
a ta, (4.1)
B = BA tA = B
0 t0 +B
a ta (4.2)
The action integral is given by
Smatter =
∫
trB ∧ (dC +AC − CA¯). (4.3)
This action is invariant under SL(3, R)× SL(3, R) gauge transformation:
A → A′ = U−1 dU + U−1AU, A¯→ A¯′ = U¯−1 dU¯ + U¯−1 A¯ U¯ ,
C → C′ = U−1 C U¯, B → B′ = U¯−1B U. (4.4)
Here U and U¯ are 3 × 3 matrices corresponding to the first and second SL(3, R), respectively.
As we will see in (4.14)-(4.15), the 0-th components B0 and C0 in (4.1)-(4.2), proportional
to 1, are necessary. By using the vielbein and the spin connection13, action integral (4.3) in
13A = ω + ℓ−1 e and A¯ = ω − ℓ−1 e.
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terms of the components reads
Smatter =
∫
d3x ǫµνλ tr
1
2
Bµν (∂λ C +AλC − C A¯λ)
=
∫
d3x ǫµνλBAµν (∂λ C
A + fAbc ω
b
λC
c +
1
ℓ
dAbC e
b
λC
C) (4.5)
Here A, B, C,.. run over 0, 1, 2, . . . , 8, while a, b, c, ... over 1, 2, . . . , 8. These indices are
raised and lowered by hAB and and its inverse h
AB. The Killing metric hab for sl(3, R) is
defined in appendix A and h00 = 3/2 and ha0 = h0a = 0. Hence B0 =
3
2 B
0. fABC vanishes,
if at least one of A, B, C are 0. fabc is the structure constant for SL(3, R) and d
a
bc the
invariant symmetric tensor. d0ab = (4/3)hab, d
a
b0 = 2 δ
a
b . Let us note that this action does
not contain the metric tensor like the Chern-Simons action, hence it is topological: it is
invariant under general coordinate transformations. This symmetry is independent of the
above gauge symmetry.
4.1 Infinitesimal Gauge Transformations
Gauge transformation (4.4) in infinitesimal form will be studied now. Let us write U
and U¯ as U = eΛ ≈ 1 + Λ, U¯ = eΛ¯ ≈ 1 + Λ¯. The transformations are classified into two
sets; (a) local Lorentz-like transformation Λ = Λ¯ = Λ+; (b) local translation (diffeo+spin-3
transformation) Λ = −Λ¯ = Λ−.
(a) Under local Lorentz-like transformation, e and ω transform as δe = [e,Λ+] and δω =
dΛ+ + [ω,Λ+]. A transformation rule for matter is
δ C = −Λ+C + C Λ+ = [C,Λ+], (4.6)
δ B = B Λ+ − Λ+B = [B,Λ+]. (4.7)
Writing Λ+ = ta Λ
a
+, the transformation of the components is
δ C0 = 0, δ Ca = fabc C
b Λc+, (4.8)
δ B0 = 0, δ Ba = fabcB
b Λc+. (4.9)
So the 0-th components of the matter are singlets under local Lorentz-like transfor-
mation.
(b) Under local translation, e and ω transform as
δ e = ℓ(dΛ− + [ω,Λ−]) ≡ ℓD(L)Λ−, (4.10)
δ ω = (1/ℓ) [e,Λ−]. (4.11)
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The matter fields transform as
δ C = −Λ−C − C Λ− = −{Λ−, C}, (4.12)
δ B = {Λ−, B} (4.13)
In the transformation of Ca the 0-th component inevitably appear, and thus we are
forced to introduce them from the beginning;
δ C0 = −d0bc Λb− Cc = −
4
3
Λa− Ca, (4.14)
δ Ca = −dabC Λb− CC = −dabc Λb− Cc − 2Λa−C0 (4.15)
δ B0 = d0bcB
c =
4
3
Λa−Ba, (4.16)
δ Ba = dabC Λ
b
−B
C = dabc Λ
b
−B
c + 2Λa−B
0 (4.17)
Later, we will show that C0 = (1/3) trC is a scalar under ordinary diffeomorphism,
but transforms non-trivially under spin-3 transformation.
4.2 Extra Local Symmetry
In addition to the SL(3, R) × SL(3, R) gauge symmetry (4.4), the total action Stot =
SCS + Smatter has the following local symmetry.
δΞA = −8π
k
(
C Ξ− 1
3
tr (C Ξ)
)
,
δΞ A¯ = −8π
k
(
ΞC − 1
3
tr (C Ξ)
)
,
δΞB = dΞ + Ξ ∧ A+ A¯ ∧ Ξ,
δΞC = 0. (4.18)
Here A, A¯ = ω ± 1ℓ e are Chern-Simons gauge connections, and Ξ = Ξµ dxµ is a one-form
gauge function which is also a 3× 3 matrix. The trace terms on the righthand sides of δΞA
and δΞ A¯ are introduced to ensure the tracelessness of A and A¯.
14 This symmetry can be
proved by direct calculation.
It can be shown that when Ξ is written as
Ξ = dΣ+ A¯Σ− ΣA (4.19)
for some zero-form Σ, the above transformation reduces to a gauge transformation (4.4) for
14By introducing a diagonal U(1) gauge field A0 = A¯0, which corresponds to t0 = 1, one could avoid
subtracting the trace terms. This additional gauge field A0 would cancel out in the action integral altogether.
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only A and A¯, up to the equation of motion for C.
δΣA = −8π
k
{d(CΣ) +A(CΣ)− (CΣ)A} + 8π
k
(dC +AC − CA¯)Σ− 1
3
× trace,
δΣ A¯ = −8π
k
{
d(ΣC) − A¯(ΣC) + (ΣC)A¯}+ 8π
k
Σ (dC +AC − CA¯)− 1
3
× trace,
δΣB = F¯ Σ− ΣF,
δΣC = 0. (4.20)
Here F = dA+A ∧A and F¯ = dA¯+ A¯ ∧ A¯, and ‘trace’ is the trace of the preceding terms.
Note that the transformation of B (and C) does not coincide with the gauge transformation
(4.4). By performing additional infinitesimal gauge transformation (4.4) with U ∼ 1+ 8πk C Σ
and U¯ ∼ 1 + 8πk ΣC, we obtain
δ′ΣA =
8π
k
(dC +AC − CA¯)Σ− 1
3
× trace,
δ′Σ A¯ =
8π
k
Σ (dC +AC − CA¯)− 1
3
× trace,
δ′ΣB = {F¯ +
8π
k
(BC − 1
3
trCB)}Σ− Σ {F + 8π
k
(CB − 1
3
trCB))},
δ′ΣC = 0. (4.21)
The righthand sides are all equations of motion. Hence, this combined transformation is
trivial on-shell, and so one component of Ξµ is not effective. As a result, the transformation
(4.18) with (4.19) reduces on shell to SL(3,R) × SL(3,R) gauge transformation with gauge
parameters Λ = − 8πk CΣ and Λ¯ = − 8πk ΣC.
4.3 Hamiltonian Analysis and Scalars of 3d Vasiliev Theory
As the total action Stot = SCS + Smatter is constructed as the integral of products of
forms without an explicit metric, it is topological. Let us first identify the physical degrees
of freedom. This is performed by Hamiltonian methods. The extra local symmetry just
mentioned above leads to an interesting result. Since the action is first-order in derivatives,
and is constructed as the integral of products of forms without an explicit metric, it is
already in a form of Hamiltonian. We will show that there is no propagating ‘field’ degrees
of freedom in the SL(3, R)× SL(3, R) model. This is due to the equation of motion for C
(4.22) below, which determines C in terms of the gauge fields on the Cauchy surface. Only
the degree of freedom at a single point on the Cauchy surface remains. This analysis will,
however, also be applicable to higher-spin gravity based on HS[λ]×HS[λ] CS theory+ BC
matter system. Because in this case C and B have an infinite number of internal degrees of
freedom, the modes at a single point would turn into propagating degrees of freedom.
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The momentum P conjugate to C is given by P ≡ 12 ǫij Bij . Here i, j = φ, r. The
momenta conjugate to Ai and A¯i are π
i
A ≡ k16π ǫij Aj and πiA¯ ≡ −k16π ǫij A¯j , respectively.
The momentum ΠiB conjugate to Bti does not exist. Then the primary constraint Π
i
B ≈ 0
generates a secondary constraint χi ≡ ∂iC +AiC −C A¯i ≈ 0. These constraints agree with
the spatial components i = φ, ρ of the equations of motion for C. Similarly, the momenta πA
and πA¯ conjugate to At and A¯t, respectively, obey πA ≈ πA¯ ≈ 0. These lead to secondary
constraints, ψ ≡ ǫij (Fij + 8πk C Bij − 8π3k tr(CBij)) ≈ 0 and ψ¯ ≡ ǫij (F¯ij + 8πk Bij C −
8π
3k tr(CBij)) ≈ 0. The Hamiltonian is a sum of Lagrange multipliers times these constraint
functions.
Constraints πA ≈ πA¯ ≈ ΠiB ≈ 0 are first-class. This means that At, A¯t, Bti, as well as
πA, πA¯, Π
i
B, are unphysical. So we can fix gauge Btφ = Btr = 0 by using the symmetry
(4.18). The two constraints ψ and ψ¯ generate SL(3, R)× SL(3, R) gauge transformations,
and are first-class. The constraint χi, the generator of the local transformation (4.18),
transforms covariantly under these gauge transformations, hence χi ≈ 0 is also first-class.
Now, the gauge fields Ai are eliminated by ψ ≈ 0 and an appropriate gauge fixing, and are
non-propagating in the bulk. So are A¯i. As for χi, the role of these constraints is not to
eliminate C, but to determine the derivatives of the field C in the spatial directions, φ, r.
Corresponding to χi, we thus propose to fix gauge by the conditions χ˜i ≡ ∂i P−P Ai+A¯i P ≈
0.15 When these differential equations are solved, the integration constants for the solutions
C and P , will be subject to Dirac bracket relations. In this way, almost all degrees of freedom
of C and P will be eliminated. Combining the gauge fixing χ˜i ≈ 0 with the equation of
motion for P 16, we obtain the set of equations for P , ∂µ P −P Aµ+ A¯µ P = 0. This provides
the counterpart of the set of equations for C, ∂µC+C Aµ−A¯µ C = 0. Hence C and P = Brφ
are strongly constrained on the Cauchy surface by χi ≈ 0 and χ˜i ≈ 0.
We will now turn to Lagrangian formulation. For the moment, we will consider only the
matter action Smatter, and fix the Chern-Simons gauge connections A, A¯ to some background
fields. We will discuss that the fields C and Btφ can be identified with the scalar fields C and
C˜ of 3d free Vasiliev theory[41][12]. In Vasiliev theory the gauge connections are solutions
to the flatness equations F = F¯ = 0, and they cannot be treated as independent dynamical
15This gauge fixing will be done by using diffeomorphism. Due to the reducibility (4.21), variations of
χ˜i under transformation (4.20) vanish, hence the matrix, whose components are Poisson brackets of χi and
χ˜j , is degenerate. However, the Poisson brackets of χi, χ˜i and the gauge fixing functions for Ai, A¯i are
non-vanishing, and the constraints χi, χ˜i ≈ 0 become second-class.
16Recall that we set Btφ = Btr = 0 .
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field variables. The equations of motion for our matter system are given by
dC +AC − C A¯ = 0, (4.22)
dB −B ∧ A+ A¯ ∧B = 0. (4.23)
The equation for B resembles that for C˜ [12], dC˜−C˜∧A+A¯∧C˜ = 0, but three components of
B are mixed up; ∂tBφr+∂φBrt+∂r Btφ+· · · = 0. When the Chern-Simons gauge fields A, A¯
are flat background connections corresponding to such as AdS3 space, the symmetry (4.18)
cannot be used. In this case, however, the Chern-Simons gauge fields are pure gauges, and
at least locally, they can be removed by gauge transformation (4.4). Now, the action integral
for the gauge-transformed matters C′, B′ (with A′ = A¯′ = 0), Smatter =
∫
trB′ ∧ dC′, has
a local symmetry
δ B′ = dΞ, δ C′ = 0, (4.24)
where Ξ = Ξµ dx
µ is a one-form gauge function. This symmetry is similar to (4.18), but the
gauge connections A′ = A¯′ = 0 are fixed. Although there are three components Ξµ, the one-
form which can be written as Ξ = dΣ is redundant, and only two of the three components
of B′µν can be gauged away. Let us set B
′
rt = B
′
rφ = 0. Then the equation of motion for
B′tφ is given by
∂r B
′
tφ = 0. (4.25)
Let us recall the construction of the solution to the equation of motion for C presented
in[13]. Because the equation of motion for C is the same as in [13] the solution is the same.
The equation of motion for C′ is given by ∂µ C
′ = 0 and the solution is C′ = constant
matrix. By choosing an appropriate constant matrix C′ and performing the inverse gauge
transformation C = U C′ U¯−1 = b−1 e−Λ0 C′ eΛ¯0 b−1, which changes the spacetime into
AdS3, the covariantly constant solution for C can be obtained as in [13][12]. We do not
repeat the calculation here. In this case trC can be shown to satisfy Klein-Gordon equation
in AdS3, with mass m
2 = 8/ℓ2, in exactly the same manner as in [13][12]. Our matter field
C corresponds to the scalar in the 3d Vasiliev theory with the deformation parameter λ = 3.
On the other hand the solution to (4.25) is of a form, B′tφ = f(t, φ) where f(t, φ) is an
arbitrary 3 × 3 matrix function which depends on t, φ. Although the equation of motion
for B′tφ is less restrictive than that for C
′, the delta-function boundary condition[11] on the
inversely-gauge transformed field Btφ = U¯ B
′
tφ U
−1 of form
trBtφ ∼ ea r δ(2)(x− x′) + · · · (as r →∞) (4.26)
can determine B′tφ and Btφ, and the value a = −(1+λ) = −4. When B′tφ = constant matrix,
trBtφ also satisfies Klein-Gordon equation with mass m
2 = 8/ℓ2. Hence, by identifying
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C˜ = Btφ, this model may be taken as a Lagrangian formulation of (free) 3d Vasiliev scalar
fields. This model is dual to a non-unitary CFT on the boundary, because λ = 3, but by
replacing in the action Stot the matrices Aµ, A¯µ, C, and Bµν by functions and replacing
the matrix multiplication by the lone-star product[42][12] , we can also realize the unitary
model with 0 ≤ λ ≤ 1.
Let us now consider the full action including the Chern-Simons action, and treat A and
A¯ as dynamical variables. When the Chern-Simons gauge fields are not background fields,
classically they must follow the equations of motion
F = dA+ A ∧ A = −8π
k
(
CB − 1
3
tr(CB)
)
,
F¯ = dA¯+ A¯ ∧ A¯ = −8π
k
(
BC − 1
3
tr(BC)
)
, (4.27)
and generally, they are not flat. In this case the gauge fields cannot be gauged away, and
the equations of motion for C and B cannot be solved by the above method. However,
by treating r as a ‘time coordinate’, using the extra local symmetry (4.18) and using the
Hamiltonian analysis at the beginning of this subsection, we may set the components of Bµν
except for Btφ (instead of Brφ) to zero, and impose the gauge fixing conditions
χ˜µ ≡ ∂µBtφ + A¯µBtφ −BtφAµ ≈ 0. (µ = t, φ) (4.28)
The equation of motion for Btφ is (4.28) with µ = r. Hence Btφ will play the role similar
to that of C˜ in the 3d Vasiliev theory, even when the gauge connections are not fixed
backgrounds. It will be interesting to study this model from the point of view of AdS/CFT
correspondence. Here we will not attempt this.
In the following, it will be shown that a torsion appears in the spin connection, and
the interaction terms for C and B are introduced into the action integral in the metric-like
formulation.
4.4 Spin-3 Gravity with Torsion
Now we will eliminate the spin connection ωaµ to obtain the metric-like theory. If we used
the solution ωaµ(e), (2.3), then the transformation rules of gµν and φµνλ would be the same
as in the pure spin-3 gravity theory. The transformation rules of C under diffeomorphism17
would also coincide with the usual rules for tensors. However, the spin-3 transformation rules
for C, (4.69) and (4.70) presented below with ∆Γ = 0, would not leave the action invariant.
At present it is not clear if it is possible to modify the action and the transformation rules
to recover the symmetry.
17These are given by (4.67) and (4.68) below with ∆Γ set to zero.
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For this reason we will solve the equation of motion for the total action with respect to
ωaµ. When the matter fields are coupled to the pure spin-3 gravity, a torsion is introduced.
To see this, let us consider our total action in the Palatini formalism.
Stot[e, ω,B,C] =
k
4πℓ
∫
tr
(
e ∧R(ω) + 1
3ℓ2
e ∧ e
)
+
∫
trB ∧
(
dC +
1
ℓ
{e, C}+ [ω,C]
)
(4.29)
Here R(ω) = dω+ω∧ω. The first integral is the Chern-Simons action.[32][33][15] The equa-
tion of motion obtained by variation with respect to ω is no longer a torsion-free condition:
∂µ e
a
ν + f
a
bc ω
b
µ e
c
ν − (µ↔ ν) = −Tµν . (4.30)
Here Tµν = T
M
µν eM is a torsion tensor defined by
Tµν = −4πℓ
k
[Bµν , C]. (4.31)
Eq (4.30) defines a new spin connection ω˜aµ(e,B,C) and a new set of connections Γ˜
M
µN . The
equation
∂µ e
a
ν + f
a
bc ω˜
b
µ e
c
ν = Γ˜
M
µν eM (4.32)
with (Γ˜Mµν − Γ˜Mνµ) eM = −Tµν can be solved for Γ˜Mµν , by the same procedure as in sec.3 of
[29] and then Γ˜Mµ(νλ) is determined in terms of them. The result can be written in the form
Γ˜MµN = Γ
M
µN +∆Γ
M
µN , (4.33)
where ΓMµN is the connection for the pure spin-3 gravity. For the component, Γ˜
(κσ)
µν , the
difference is given by
∆Γ(κσ)µν = −
1
2
T (κσ)µν +
1
8
J (κσ)(λρ)
[
Tµλ,(νρ) + Tµρ,(νλ) − 2gλρ Tµσ,(νσ)
+gνρ Tµ
σ
,(λσ) + gνλ Tµ
σ
,(ρσ) + Tνλ,(µρ) + Tνρ,(µλ) − 2gλρ Tνσ,(µσ)
+ gµρ Tν
σ
,(λσ) + gµλ Tν
σ
,(ρσ) + gνρ Tλ
σ
,(µσ) + gµρ Tλ
σ
,(νσ)
−2 gµν Tλσ,(ρσ) + gνλ Tρσ,(µσ) + gµλ Tρσ,(νσ) − 2 gµν Tρσ,(λσ)
]
+O(φ1)
(4.34)
The next order contribution, ∆ [Γ
(τη)
µν ]1 (= O(φ1)) is displayed in appendix H. The difference
of another connection, ∆Γρµν , is related to ∆Γ
(ρσ)
µν by
∆ΓMµν GMλ = ∆Γ
ρ
µν Gρλ +
1
2
∆Γ(ρσ)µν G(ρσ)λ = −
1
2
(Tµν,λ + Tλµ,ν + Tλν,µ), (4.35)
In the above equations, we used a notation.
Tµν,M = T
N
µν GNM (4.36)
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Expression (4.35) satisfies ∆ΓMµν GMλ + ∆Γ
M
µλGMν = 0 due to the anti-symmetry of Tµν .
In (4.34) the indices of Tµν,(λρ) are raised by g
κσ. Let us note that ∆ΓMµν is not symmetric
under interchange of µ and ν, due to the torsion. The other two connections Γ˜Mµ(νλ) are
obtained by replacing ΓMµN by Γ˜
M
µN in eqs (4.12) and (4.13) of [29].
The spin connection ω˜aµ which satisfies (4.32) is now given by
ω˜aµ(e,B,C) ≡
1
12
fabc E
M
b ∇˜µ ecM . (4.37)
Here ∇˜µ is the covariant derivative associated with Γ˜MµN . GMN is compatible with ∇˜µ. The
generalized curvature tensor which corresponds to the above new connection is defined by
R˜MNµν = ∂µ Γ˜
M
νN − ∂ν Γ˜MµN + Γ˜MµK Γ˜KνN − Γ˜MνK Γ˜KµN
= RMNµν +∇µ∆ΓMνN −∇ν ∆ΓMµN +∆ΓMµK ∆ΓKνN −∆ΓMνK ∆ΓKµN .(4.38)
In the second line of the above equation, the covariant derivative ∇µ∆ΓMνK is used here
for brevity with tacit understanding that the non-existing component ∆ΓM(µν)N = 0. After
substitution of (4.37) into (4.29), we obtain the total action.
S˜tot ≡ Stot[e, ω˜, B, C] = k
48πℓ
∫
d3x
(
−ǫµνλ FµMN R˜MNνλ + 24
ℓ2
e˜
)
+
∫
trB ∧
(
dC +
1
ℓ
{e, C}+ [ω˜, C]
)
(4.39)
When the generalized curvature tensor (4.38) is substituted into the above equation, those
terms linear in ∇ν ∆ΓMλN turn out total derivative ones, and can be dropped. This is
because the metric-like quantity FµM
N is made of the vielbeins, and covariantly constant:
∇ν FµMN = Dν FµMN = 0.18 Finally, only the quadratic terms remain, and the total action
is given by
S˜tot = Ssecond-order +
k
48πℓ
∫
d3x
(−2 ǫµνλ FµMN ∆ΓMνK ∆ΓKλN)
+
∫
trB ∧
(
dC +
1
ℓ
{e, C}+ [ω˜, C]
)
(4.40)
The first term in the first line is the pure spin-3 gravity action (3.36). The last term in the
first line is quadratic in the torsion tensor and depends on B and C.
4.5 Proof of Local Translation Invariance of the Action
In order to prove that S˜tot = Stot[e, ω˜, B, C] is invariant under the local translation
(4.10), (4.12)-(4.13), we will use the 1.5 order formalism. Under variation of the fields, S˜tot
changes as follows.
δ S˜tot =
δ Stot
δe
δ e+
δ Stot
δB
δ B +
δ Stot
δC
δ C +
δ Stot
δω
δ ω˜[e,B,C] (4.41)
18Dν is the full covariant derivative.
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After the functional differentiations, we set ω = ω˜ on the righthand side. The last variation
δ ω˜[e,B,C] is computed according to the dependence of the solution ω = ω˜ on the other
fields, eµ, B and C. This is actually very complicated, but because ω˜ solves the equation of
motion, the functional derivative multiplying this variation vanishes at ω = ω˜. This means
that when calculating the variation, we can keep ω˜ fixed.
For the pure spin-3 gravity part of the action, we only need to vary the vielbein. The
e ∧ R(ω˜) part is invariant up to total derivative terms, because of (4.10) and the Bianchi
identity, dR(ω) + ω ∧ R(ω) − R(ω) ∧ ω = 0. The variation of the generalized cosmological
term (3.20) is a total derivative: δ e˜ = ∂µ (
1
2 ǫ
µνλ fabc Λ
a
− e
b
ν e
c
λ).
For the matter part, if the spin connection is kept fixed, we obtain after simple calcula-
tion, the variation of the matter Lagrangian,
ǫµνλ fabc e
b
µ Λ
c
− [Bνλ, C]
a =
k
4πℓ
ǫµνλ fabc e
b
µ Λ
c
− T
a
νλ. (4.42)
Here the definition of the torsion (4.31) is used. Due to (4.30), this is a total derivative
like the variation of the generalized cosmological term mentioned above. Therefore the
invariance of Stot[e, ω˜, B, C] is proved.
4.6 World-volume Components of the Matter
The matter fields, Ca and Ba, introduced above have an internal index a and transform
non-trivially under local Lorentz-like transformation (a). By contracting these fields with
the generalized vielbein eaµ and e
a
(µν), we will obtain fields which are neutral to local Lorentz-
like transformation. The new fields are C0, CM = EMa C
a and B0, BM = e
a
M B
a. Ca and
CM are in one-to-one correspondence with each other: Ca = CM eaM .
We now introduce a Lorentz covariant derivative for Ca.
D˜(L)µ C
a = ∂µ C
a + fabc ω˜
b
µC
c,
D˜(L)µ C
0 = ∂µ C
0. (4.43)
Similar definition is made for D˜
(L)
µ Baνλ and D˜
(L)
µ B0νλ. By replacing D˜
(L)
µ on Ca by the full
covariant derivative D˜µ and using C
a = CM eaM , recalling that e
a
M is covariantly constant,
we obtain
D˜
(L)
λ C
a = D˜λ (C
M eaM ) = e
a
M ∇˜λ CM . (4.44)
Here ∇˜µ is the covariant derivative corresponding to Γ˜MµN .
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By assembling the results of the above replacements, matter action (4.5) takes the form.
Smatter =
∫
d3x ǫµνλ
[
BNµν E
N
a
(
eaM ∇˜λ CM +
1
ℓ
dabce
b
λC
c +
2
ℓ
eaλC
0
)
+B0µν
(
∂λ C
0 +
4
3ℓ
ebλ Cb
)]
. (4.45)
We now rewrite B as
BN
λ ≡ 1√−g ǫ
µνλBNµν = ε
µνλBNµν , (4.46)
B0
λ ≡ 1√−g ǫ
µνλB0µν = ε
µνλB0µν . (4.47)
Here εµνλ is a completely anti-symmetric tensor, and g = det gµν is the determinant of the
metric tensor. We have
Smatter =
∫
d3x
√−g
[
BN
λ
(
∇˜λ CN + 1
ℓ
KNMλ C
M
)
+
2
ℓ
Bλ
λ C0
+B0
λ
(
∂λ C
0 +
4
3ℓ
Cλ
)]
=
∫
d3x
√−g
[
BN
λ
(
∇λ CN + 1
ℓ
KNMλ C
M
)
+
2
ℓ
Bλ
λ C0
+B0
λ
(
∂λ C
0 +
4
3ℓ
Cλ
)
+BN
λ CM ∆ΓNλM
]
(4.48)
Here the indices M , N of C are raised and lowered in terms of GMN and G
MN : Cλ =
GλN C
N .19 After the second equality, ∇˜λ is replaced by ∇λ and a new term including
∆ΓNλM appeared due to the difference of the connections. This is a fourth order interaction
(BC)2 of the matter fields. Also KNML is a metric-like quantity defined by
KNML ≡ dabcENa ebM ecL (4.49)
This quantity has the following expansion in powers of φ.
Kµνλ =
2
3
gνλ φ
µ +O(φ3), (4.50)
K(µν)λρ = 2
(
δµλ δ
ν
ρ + δ
ν
λ δ
µ
ρ −
2
3
gµν gλρ
)
+O(φ2) (4.51)
Kµ(νλ)ρ and K
µν
(λρ)κ are already displayed in (3.30) and (3.32). The other components are
presented in appendix C. In appendix F, expansion of the part of the matter action, which
does not depend on the torsion, is presented in powers of φ up to O(φ1). Those parts which
comes from ∆ΓNµM turn out too complicated to write down.
19 Since C0 is not invariant under spin-3 transformation, a suitable covariant derivative for C0 needs to
be devised like ∇µ ρa defined in eq(4.8) of [29]. This will not be attempted in this paper.
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To summarize, the total action is given by
S˜tot = Ssecond-order
+
∫
d3x
√−g
[
BN
λ
(
∇λ CN + 1
ℓ
KNMλ C
M
)
+
2
ℓ
Bλ
λ C0 +B0
λ
(
∂λ C
0 +
4
3ℓ
Cλ
)]
+
∫
d3x
[√−gBNλCM ∆ΓNλM − k24πℓ ǫµνλ FµMN ∆ΓMνK ∆ΓKλN
]
(4.52)
Those terms in the third line come from the torsion and represent matter interactions.
4.7 Symmetry of the Matter-Coupled Theory
The transformation rules for the metric-like fields gµν and φµνλ under the local trans-
lation (b) are modified from (3.44)-(3.48), because of the torsion terms. The new rules are
obtained by replacing ∇µ and ΓMµN by ∇˜µ and Γ˜MµN in the above equations, respectively. As
a result, the local translations of gµν and φµνλ depend on the matter fields. It might be
puzzling that even the diffeomorphism of the metric-like quantities depend on the matter
fields through the torsion tensor. For example,
δ gµν = ∇˜µ ξν + ∇˜ν ξµ
= ∇µ ξν +∇ν ξµ − ∆ΓMµν ξM − ∆ΓMνµ ξM . (4.53)
For diffeomorphism, ξ(µν) = 0 and ξM = GMλ ξ
λ. There are extra terms in (4.53) which
should not appear in general coordinate transformation. However, as we mentioned before,
our theory is originally a topological theory in the frame-like approach, and is diffeomorphism
invariant, when the vielbein is transformed as a covariant vector. As a result, S˜tot in the
metric-like approach is also invariant under diffeomorphism, when gµν and φµνλ as well as
C0, Cµ, C(µν) and B0
λ, Bµ
λ and B(µν)
λ transform as tensors in the usual way. The difference
between the diffeomorphism and the diffeomorphism-like transformation (4.53) should also
be the symmetry transformation of the action integral. Therefore, the symmetry of the
matter-coupled theory in the metric-like formalism seems to be larger than that of the pure
spin-3 gravity! As we saw in sec.3, in the pure spin-3 case a part of local translation agrees
with diffeomorphism. To study this symmetry in more details, we need to compute the
symmetry algebra. This will not, however, be performed here.
To conclude that the symmetry in the metric-like formalism becomes larger after coupling
to the matter fields, let us study if it is possible to redefine the transformation parameters
ξM so that transformation (4.53) takes the ordinary form (3.44). The diffeomorphism for
gµν , (4.53), is rewritten as
δdiffeo gµν = (gνλ ∂µ ξ
λ + gµλ ∂ν ξ
λ + ξλ ∂λ gµν)− (∆ΓMµν + ∆ΓMνµ)GMλ ξλ. (4.54)
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The spin-3 transformation for gµν is given by
20
δspin-3 gµν = −Γ(ρσ)µν ζ(ρσ) −
1
2
(∆Γ(ρσ)µν +∆Γ
(ρσ)
νµ ) ζ(ρσ). (4.55)
Let us consider the case, where C and B are small and it is possible to perform perturbation
in BC (or the torsion [B,C]). The first terms of (4.54) and (4.55) are O((BC)0) and the
second terms are O((BC)1) due to ∆Γ. If it is possible to choose ζ(ρσ) as a function of ξλ in
such a way that the transformation (4.55) cancels the second term of (4.54), we may simply
redefine the combined transformation as a new diffeomorphism δ′diffeo gµν . Similarly, if it is
possible to choose ξλ as a function of ζ(ρσ) in such a way that the transformation (4.54)
cancels the second term of (4.55), the combined transformation is a new spin-3 transforma-
tion δ′spin-3 gµν . This procedure is equivalent to investigate if it is possible to modify the
relation among the transformation functions of the local translation, Λa−, ξµ and ξ(µν), from
Λa− = E
aµ ξµ +
1
2 E
a(µν) ξ(µν) to a new one, in such a way that the transformation of the
metric tensor δ gµν = δe
a
µ e
ν
a + eaµ δe
a
ν with δe
a
µ = ∂µ Λ
a
− + f
a
bc ω˜
b
µ(e,B,C) Λ
c
−, expressed
in terms of the metric-like quantities take the ‘pure-spin-3-gravity form’ for diffeomorphism
and spin-3 transformation.
The above redefinition of the diffeomorphism and spin-3 transformation is, however,
not possible, because Γλµ(ρσ), as given in (3.31), is first order in φµνλ. At least within
perturbation in φµνλ, (4.55) cannot be solved for ζ(ρσ). The spin-3 algebra which stems
from local translation is modified due to matter coupling.
To summarize, the diffeomorphism symmetry in the metric-like formalism which stems
from the fact that the vielbein is a vector of diffeomorphism and a part of the local translation
symmetry coincides only in the pure spin-3 gravity. When matters are coupled to spin-3
gravity, part of the local translation in the frame-like formalism is converted into a symmetry
transformation in the metric-like formalism which is different from diffeomorphism. So the
matter-coupled theory is a 3d gravity with new spin-2 and spin-3 gauge symmetry.
We now turn to the transformation rule of CA under the local translation (b). Instead of
the gauge parameter Λ−, let us introduce new functions ξM = ℓΛ
a
− eaM and ξ
M = ℓΛa−E
M
a .
Then (4.14) is rewritten as
δ C0 = − 4
3ℓ
ξM C
M . (4.56)
This does not look like a diffeomorphism of matter fields. However, if ξ(µν) = 0, the eq of
20Note that ξλ = gλρ ξρ and ζ(λρ) = ξ(λρ) − g(λρ)σ ξ
σ .
26
motion (4.61) can be used to show that
ξµ ∂µC
0 = (ℓ Eµa Λ
a
−) (−
4
3ℓ
ebµC
b) = −4
3
Λa− (hab −
1
2
E(µν)a eb(µν))C
b
= −4
3
Λa− Ca +
2
3
ξ(µν) eb(µν) C
b = − 4
3ℓ
ξM CM = δ C
0 (4.57)
At the second equality of the first line, a relation EMa e
b
M = δ
b
a, which is a counterpart of
(2.2), is used. Therefore δ C0 is the ordinary diffeomorphism for C0. On the other hand, if
ξµ = 0, we have
δ C0 = − 2
3ℓ
ξ(µν) C(µν) = −
2
3ℓ
ξ(µν)G(µν)M C
M
= − 1
6ℓ
ξ(µν) C(λρ) gµλ gνρ − 2
3ℓ
ξ(µν) Cλ φµνλ +O(φ2) (4.58)
C0 mixes with CM under spin-3 transformation.
The transformation of CM is more involved. Let us recall the transformations of the
vielbeins. The vielbein transforms as δ eaµ = ℓ D˜
(L)
µ Λa−. The transformation of the additional
one, ea(µν) =
1
4 d
a
bc e
b
λ e
c
ρ P
λρ
µν is given by
δ ea(µν) =
1
4
dabc e
b
λ e
c
ρ δ P
λρ
µν +
1
2
dabcE
bM ecρ ∇˜λ ξM Pλρµν . (4.59)
Then by using (4.15) and (3.44), we have
δ CM = δ (EMa C
a) = −1
ℓ
KMNLC
L ξN − Cµ PMN ∇˜µ ξM − 1
2
C(µν)KMNµ ∇˜ν ξN
+
1
6
C(µν)KMλρ g
λρ ∇˜µ ξν − 2
ℓ
C0 ξM + CN δ(PMN ). (4.60)
Here ξM and ξ
N are related as ξM = GMN ξ
N . If M = (µν) and N = (λρ), PMN = P
µν
λρ .
If M = µ and N = ν, PMN = δ
µ
ν . Otherwise, P
M
N = 0.
Because the matter system is topological, it may be allowed to use the equations of motion
to rewrite the above transformation. The equations of motion for C0 and Ca derived from
(4.5) are as follows.
∂µC
0 + 43ℓ eaµC
a = 0, (4.61)
D˜
(L)
µ Ca +
1
ℓ d
a
bc e
b
µC
c + 2ℓ e
a
µC
0 = 0 (4.62)
Those for B’s are
∂[µB
0
νλ] − 43ℓ ea[µBaνλ] = 0, (4.63)
D˜
(L)
[µ B
a
νλ] − 1ℓ dabc eb[µBcνλ] − 2ℓ ea[µB0νλ] = 0. (4.64)
Here [ , ] stands for complete anti-symmetrization of the indices in between.
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Eq (4.62) leads to the relations.
∇˜µCν = −1
ℓ
KνµM C
M − 2
ℓ
δνµC
0, (4.65)
∇˜µ C(νλ) = −1
ℓ
K(νλ)µM C
M +
1
3
gνλ gρσ ∇˜µC(ρσ). (4.66)
Note that the second term on the righthand side of the last equation does not vanish, because
the two indices of gρσ is contracted with the single index M = (ρσ) of C
M . This is not the
ordinary rule of contraction of indices, and so gρσ cannot go through ∇˜µ.
When ξ(µν) = 0, by using (4.65) and (4.66), we obtain the transformations,21
δ Cµ = ξρ ∇˜ρ Cµ − Cρ ∇˜ρ ξµ − 1
2
C(ρσ)KµMρ ∇˜σ ξM + 1
6
C(ρσ)Kµκτ g
κτ ∇˜ρ ξσ,
= ξρ ∂ρ C
µ − Cρ ∂ρ ξµ + 1
2
C(ρσ)KµMρ∆Γ
M
σκ ξ
κ − 1
6
C(ρσ)Kµκτ g
κτ ∆ΓMρσ GMλ ξ
λ
+ξρ∆ΓµρM C
M − Cρ∆Γµρλ ξλ +O(φ2), (4.67)
δ C(µν) = ξρ ∇˜ρ C(µν) − Cρ ∇˜ρ ξ(µν) + 1
3
gµν gρσ C
λ ∇˜λ ξ(ρσ) − 1
2
C(λρ)K(µν)Mλ ∇˜ρ ξM
+
1
6
C(λρ)K(µν)σκ g
σκ ∇˜λ ξρ − 2
3
gµν C(λρ) ∇˜λ ξρ − 1
3
gµν gκσ ξ
ρ ∇˜ρ C(κσ)
= ξρ ∂ρ C
(µν) − C(µρ) ∂ρ ξν − C(ρν) ∂ρ ξµ + ξρ∆Γ(µν)ρM CM − Cρ∆Γ(µν)ρλ ξλ
+
1
3
gµν gρσ C
λ∆Γ
(ρσ)
λκ ξ
κ − 1
2
C(λρ)K(µν)Mλ∆Γ
M
ρσ ξ
σ
−1
6
C(λρ)K(µν)σκ g
σκ∆ΓMλρGMτ ξ
τ +
2
3
gµν C(λρ)∆ΓMλρGMτ ξ
τ
−1
3
gµν gκσ ξ
ρ∆Γ
(κσ)
ρM C
M +O(φ2). (4.68)
In both equations, those terms containing φ canceled in a non-trivial way except in the
torsion terms containing ∆Γ’s. Except for those terms with ∆Γ, these transformations are
those for a vector and a rank-2 tensor. This is the same situation as for the diffeomorphism
of φµνρ discussed at the end of the subsec.3.4. If there is no torsion, the above transformation
coincides with diffeomorphism. The torsion terms are cubic in the matter fields. Due to the
torsion terms, the local translation of Cµ and C(µν) with ξ(λρ) = 0 does not coincide with
the diffeomorphism for a vector and a rank-2 tensor. The matter action (F.1), however,
is clearly invariant under the diffeomorphism.22 Therefore S˜tot is also invariant under the
usual diffeomorphism, although it is different from the local translation (b). As we discussed
at the beginning of this subsection, the symmetry of the spin-3 gravity coupled to matter
in the metric-like formalism is larger than that of the pure spin-3 gravity. Let us also note
that in the above equation, although ξ(µν) = 0, quantities such as ∇˜λ ξ(ρσ) = Γ˜(ρσ)λκ ξκ do
not vanish.
21Relation with ξµ, ζµν in subsec.3.3 is, ξµ = gµν ξν in the case of diffeomorphism (ξ(µν) = 0), and
ζµν =
1
2
M(µν)(λρ) ξ
(λρ) in the case of spin-3 transformation (ξµ = 0).
22 TMµν and ∆Γ
N
µM behave as tensors under diffeomorphism.
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On the other hand, when ξµ = 0, we have the spin-3 transformation.
δ Cµ = − 1
2ℓ
Kµ(νρ)M C
M ξ(νρ) − Cν ∇˜ν ξµ − 1
2
C(λρ)KµMλ ∇˜ρ ξM
+
1
6
C(λρ)Kµνσ g
νσ ∇˜λ ξρ
= [δ Cµ]0 + [δ C
µ]1 −
1
2
Cν ∆Γµν(λσ) ξ
(λσ) − 1
4
C(λρ)KµMλ∆Γ
M
ρ(σκ) ξ
(σκ)
−1
6
C(λρ)Kµνσ g
νσ∆ΓMλρ ξM +O(φ2), (4.69)
δ C(µν) = − 1
2ℓ
K(µν)(λρ)M C
M ξ(λρ) − 2
ℓ
C0 ξ(µν) − Cρ ∇˜ρ ξ(µν)
−1
2
C(λρ)K(µν)Mλ ∇˜ρ ξM + 1
6
C(λρ)K(µν)σκ g
σκ ∇˜λ ξρ
−2
3
gµν C(λρ) ∇˜ρ ξλ + 1
3
gµν gσκ C
λ ∇˜λ ξ(σκ)
=
[
δ C(µν)
]
0
+
[
δ C(µν)
]
1
− 1
2
Cρ∆Γ
(µν)
ρ(σκ) ξ
(σκ)
−1
4
C(λρ)K(µν)Mλ∆Γ
M
ρ(σκ) ξ
(σκ) − 1
6
C(λρ)K(µν)σκ g
σκ∆ΓMλρ ξM
+
2
3
gµν C(λρ)∆ΓMρλ ξM +
1
6
gµν gσκ C
λ∆Γ
(σκ)
λ(τη) ξ
(τη) +O(φ2). (4.70)
[δ CM ]n is of O(φn), and does not depend on ∆ΓMµN . The φ expansions of these terms are
presented in appendix G. The explicit forms of the terms coming from the torsion is not
worked out here explicitly due mainly to the page size.
Transformation of the field B can also be worked out. As for diffeomorphism, because
the matter action (F.1) is manifestly invariant, B0
µ
and BM
µ = Bν
µ, B(νλ)
µ must also
transform as tensors with additional terms containing ∆Γ. As for the spin-3 transformation,
analysis similar to the C fields lead to the following transformations (with ξµ = 0).
δ B0
λ =
1
ℓ
ξ(µν) B(µν)
λ − 1
2
gρτ Gτ(κσ) ∇˜ρ ξ(κσ) B0λ, (4.71)
δ Bρ
λ = −1
2
gαβ Gβ(κσ) ∇˜α ξ(κσ) Bρλ +
1
2
Bτ
λ Γ˜τρ(κσ) ξ
(κσ) +
1
2
B(κσ)
λ ∇˜ρ ξ(κσ)
+
1
2ℓ
ξ(κσ)K(κσ)ρ
τ Bτ
λ +
1
4ℓ
ξ(κσ)K(κσ)ρ
(αβ)B(αβ)
λ
+
2
3ℓ
Gρ(κσ) ξ
(κσ) B0
λ, (4.72)
δ B(ρσ)
λ = −1
2
gαβ Gβ(κη) ∇˜α ξ(κη)B(ρσ)λ −
1
6
KMκη BM
λ gκη (GσN ∇˜ρ ξN +GρN ∇˜σ ξN )
+
1
3
KMκη BM
λ gρσ g
κα gηβ GβN ∇˜α ξN + 1
2
KNMκ ∇˜η ξM P κηρσ BNλ
+
1
ℓ
K(ρσ)M
N ξM BN
λ +
2
3ℓ
G(ρσ)(κτ) ξ
(κτ)B0
λ (4.73)
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5 Summary
We expressed the generalized connections ΓMµN and curvature tensors R
M
Nµν , which
were introduced in our previous work[29], in terms of the metric gµν and the spin-3 field
φµνλ explicitly by means of perturbative expansions in φ. The matter coupling to 0-form
C and 2-form B fields of the spin-3 gravity is introduced in the action formalism, firstly in
the frame-like approach, and then translated into the metric-like approach. We eliminated
the spin connection ωaµ by solving the equation of motion for the total action to obtain the
solution ωaµ = ω˜
a
µ(e,B,C). This spin connection has a torsion and this leads to an action
which contains interaction terms of the form (BC)2 introduced due to the torsion. We
found that the symmetry in the metric-like formalism is enhanced, when the matter fields
are coupled to the spin-3 gravity.
The construction of the matter coupling presented in this paper can be applied to other
3D higher-spin gravity theories based on SL(N,R) × SL(N,R) and hs[λ] × hs[λ] Chern-
Simons theories, and a similar conclusion is expected. It will also be possible to introduce
topological matter composed of two 1-forms, Cµ and Bµ in a similar way.
Finally, we will discuss on AdS/CFT correspondence[38][39][40]. Since we obtained a
matter theory interacting with 3d spin-3 gravity, it will be natural to study AdS/CFT
correspondence for this model. In AdS/CFT correspondence, C0 = (1/3) trC will serve as a
source for a scalar operator O on the boundary, as in [12] for 3d Vasiliev theory. There will
be another operator O˜ which corresponds to B0tφ. Usually, in AdS/CFT correspondence, the
solutions to the equations of motion are substituted into the action integral. The equations
of motion for the gauge fields, A, A¯ = ω ± 1ℓ e, are given by (4.27) and in general, these
gauge fields are not flat connections, and we cannot use the method of [13] to find solutions.
These equations describe the back reaction of the matter to the gravity, and it was shown in
this paper that there is non-vanishing torsion. One can show that (4.27) is consistent with
the matter equations of motion by using the Bianchi identities, dF +A∧F −F ∧A = 0 and
similar equation for F¯ . We need to study solutions to the full set of the equations of motion.
Especially, we need to investigate if there exist asymptotically AdS3 solutions, and if trC
and trBtφ satisfy Klein Gordon equation in a spacetime with torsion, etc. Then, as in the
case of AdS/CFT duality for spinors, we might choose
∫
∂M tr (B ∧C) as a boundary action
integral.[37]23 When A and A¯ are fixed flat backgrounds, this method will not work, because
the solutions C and B are covariantly constant and the value of the boundary action will
be too trivial to provide a two-point function, even though the Lagrangian formulation is
23∂M is the boundary of the spacetime.
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available. When A and A¯ are dynamical variables and non-flat, it may be possible to extract
information about the correlation functions in the boundary CFT from the boundary action.
In this paper it is found that the action integral can be rewritten in terms of the world-
volume components of C and B, and these components transform in a non-trivial way under
the spin-3 transformation. Then those components of C and B different from C0 = trC and
B0 = trB might take part in the AdS/CFT correspondence. What is the role of the other
components of C and B in the gravity/CFT correspondence? It is known that in spin-3
gravity, there existsW3 current in the CFT on the boundary[15][34] and in the CFT withW
symmetry, the OPEs of the primary field O and the W3 current contain new fields, Wˆ−1O
and Wˆ−2O, which are not simply related to O by just differentiations. [31]
W (z)O(z′) =
w
(z − z′)3 O(z
′) +
1
(z − z′)2 Wˆ−1O(z
′) +
1
z − z′ Wˆ−2O(z
′) + . . . (5.1)
Cµ and C(µν) might be the sources for Wˆ−1O and Wˆ−2O, and their anti-chiral counterparts,
where Wn is the expansion mode of the W3 current in the boundary CFT. It remains to be
studied if these OPE’s can be observed in the AdS/CFT correspondence.
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A Notations for sl(3,R) algebra
In this appendix notations related to sl(3, R) algebra are summarized.
Let the generators Li (i = −1, 0, 1), Wn (n = −2, . . . 2) satisfy an sl(3, R) algebra.
[Li, Lj] = (i− j)Li+j , [Li,Wn] = (2i− n)Wi+n,
[Wm,Wn] = −1
3
(m− n) {2m2 + 2n2 −mn− 8}Lm+n (A.1)
We use the same three-dimensional representation as in [15] with the parameter σ = −1.
L1 =

 0 0 01 0 0
0 1 0

 , L0 =

 1 0 00 0 0
0 0 −1

 , L−1 =

 0 −2 00 0 −2
0 0 0

 ,
W2 =

 0 0 00 0 0
2 0 0

 , W1 =

 0 0 01 0 0
0 −1 0

 , W0 = 2
3

 1 0 00 −2 0
0 0 1

 ,
W−1 =

 0 −2 00 0 2
0 0 0

 , W−2 =

 0 0 80 0 0
0 0 0

 (A.2)
Non-vanishing norms of these matrices are given by
tr (L0)
2 = 2, tr (L−1L1) = −4, tr (W0)2 = 8
3
, tr (W1W−1) = −4, tr (W2W−2) = 16.(A.3)
These generators will also be collectively denoted as ta, (a = 1, . . . , 8),
t1 = L1, t2 = L0, t3 = L−1,
t4 = W2, t5 =W1, t6 =W0, t7 =W−1, t8 =W−2. (A.4)
The structure constants fab
c are defined by
[ta, tb] = fab
c tc. (A.5)
The Killing metric hab for the local frame is defined by
hab =
1
2
tr (tatb) (A.6)
Its nonzero components are given by h22 = 1, h13 = h31 = −2, h48 = h84 = 8, h57 = h75 =
−2, h66 = 4/3. This metric tensor has a signature (3, 5). Indices of the local frame are raised
and lowered by hab and its inverse h
ab. Then fabc ≡ fabd hdc is completely anti-symmetric
in the three indices. It can be shown that fabc and hab are related by
hab = − 1
12
fa
cd fbcd. (A.7)
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The structure constants are given by
f123 = −2, f158 = 8, f167 = −4, f248 = −16,
f257 = 2, f347 = 8, f356 = −4 (A.8)
The invariant tensor dab
c is defined by
{ta, tb} = dabc tc + dab0 t0, (A.9)
where t0 = I is an identity matrix. The constant with the lowered index dabc = dab
d hdc is
completely symmetric in all the indices. These constants are given by
d127 = d235 = −2, d136 = d226 = d567 = 4
3
, d118 = d334 = 8,
d468 =
32
3
, d477 = d558 = −8, d666 = −16
9
, dab
0 =
4
3
hab (A.10)
B Metric GMN = e
a
M eaN and its inverse G
MN
Gµν = gµν , (B.1)
Gµ(νλ) = G(νλ)µ = φµνλ −
1
3
gνλ φµ, (B.2)
G(µν)(λρ) = M(µν)(λρ) + (φµνσ −
1
3
gµν φσ) g
σκ (φκλρ − 1
3
gλρ φκ)
=
1
4
gµρ gνλ +
1
4
gµλ gνρ − 1
6
gµν gλρ +O(φ2), (B.3)
Gµν = gµν + 2φµλρ φνλρ − 2
3
φµ φν +O(φ4), (B.4)
Gµ(νλ) = G(νλ)µ = −4φµνλ + 4
3
gνλφµ +O(φ3), (B.5)
G(µν)(λρ) = J (µν)(λρ) = 4 gµρ gνλ + 4 gµλ gνρ − 8
3
gµν gλρ +O(φ2) (B.6)
C Metric-like Tensor KMNK = d
a
bcE
M
a e
b
N e
c
K
Kµνλ =
2
3
gνλ φ
µ +O(φ3), (C.1)
K(µν)λρ = 4δ
(µ
ρ δ
ν)
λ −
4
3
gµνgλρ − 8
9
gλρ φ
µσκ φνσκ − 4
9
gλρφ
µ φν
−8
9
gλρφ
µνσ φσ +
8
27
gµνgλρ φσκτφ
σκτ +
4
9
gµνgλρ φ
κ φκ +O(φ4),(C.2)
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Kµ(νλ)ρ = −
1
3
δµρ gνλ + δ
µ
(νgλ)ρ −
2
3
φµρ
σ φνλσ +
2
3
φµ(ν
σ φλ)ρσ +
2
3
gρ(νφλ)σκ φ
µσκ
+
2
3
φµρ(ν φλ) −
1
3
gρ(νφ
µ φλ) −
1
3
δµρ φν φλ − 4
9
gνλφ
µσκ φρσκ − 2
3
φµνλ φρ
+
2
9
gνλφ
µ φρ +
1
3
δµ(ν φλ) φρ +
2
9
gνλφ
µ
ρ
σ φσ +
2
3
δµρ φνλ
σ φσ − 2
3
δµ(ν φλ)ρ
σ φσ
+
1
27
δµρ gνλ φσκτφ
σκτ − 1
9
δµ(νgλ)ρ φσκτφ
σκτ − 1
9
δµρ gνλ φ
κ φκ +O(φ4), (C.3)
K(µν)(λρ)σ = −
4
3
gσ(λ φ
µν
ρ) +
4
3
gλρ φ
µν
σ +
8
3
δ(µσ φ
ν)
λρ − 8
3
δ
(µ
(λ φ
ν)
ρ)σ −
4
3
δ
(µ
(λgρ)σ φ
ν)
−4
3
δ(µσ δ
ν)
(λ φρ) +
4
3
gµνgσ(λ φρ) +
4
3
δµ(λδ
ν
ρ) φσ −
8
9
gµνgλρ φσ
+O(φ3), (C.4)
Kµ(νλ)(ρσ) = −
2
3
gρσ φ
µ
νλ +
2
3
gλ(ρφ
µ
σ)ν +
2
3
gν(ρφ
µ
σ)λ −
2
3
gνλφ
µ
ρσ − 1
3
gν(ρgσ)λ φ
µ
+
1
3
gνλgρσ φ
µ +
2
3
δµ(ρφσ)νλ +
2
3
δµ(νφλ)ρσ −
1
3
δµ(ρgσ)(ν φλ) −
1
3
δµ(νgλ)(ρφσ)
+O(φ3), (C.5)
K(µν)(λρ)(σκ) =
4
3
δµ(κ δ
ν
σ)gλρ +
4
3
δµ(λ δ
ν
ρ)gσκ − δµ(κ δνρ)gλσ − δµ(σ δνρ)gλκ − δµ(κ δνλ)gρσ
− δµ(σδνλ) gρκ +
4
3
gµν gλ(κgσ)ρ −
8
9
gµν gλρgσκ +O(φ2). (C.6)
D Generalized Curvature RMNµν
R(µν)(λρ)σκ = 4δ
(µ
(λRˆ
ν)
ρ)σκ + 2g
µν
(2
3
gτ(λ|Γˆ
τ
κηΓˆ
η
|ρ)σ −
2
3
gτ(λ|Γˆ
τ
σηΓˆ
η
|ρ)κ
+
4
9
gτ(λΓˆ
τ
ρ)κΓˆ
η
ση −
4
9
gτ(λΓˆ
τ
ρ)σΓˆ
η
κη
)
+O(φ2), (D.1)
In the above component, the O(φ2) terms are not displayed.
Rµ(νλ)ρσ = −
1
3
∇ˆρ∇ˆµφνλσ − 1
3
gσ(ν|∇ˆρ∇ˆµφ|λ) +
1
3
∇ˆρ∇ˆ(νφµλ)σ −
1
3
gσ(ν|∇ˆρ∇ˆ|λ)φµ
+
2
3
δµσ∇ˆρ∇ˆ(νφλ) −
1
3
δµ(ν|∇ˆρ∇ˆ|λ)φσ +
2
3
∇ˆρ∇ˆσφµνλ − 1
3
δµ(ν|∇ˆρ∇ˆσφ|λ)
+
1
3
gσ(ν|∇ˆρ∇ˆκφ|λ)κµ −
1
3
δµσ∇ˆρ∇ˆκφκνλ +
1
3
δµ(ν|∇ˆρ∇ˆκφ|λ)σκ
+
1
6
δµ(νgλ)σ∇ˆρ∇ˆκφκ +
1
3
∇ˆσ∇ˆµφνλρ + 1
3
gρ(ν|∇ˆσ∇ˆµφ|λ) −
1
3
∇ˆσ∇ˆ(νφµλ)ρ
+
1
3
gρ(ν|∇ˆσ∇ˆ|λ)φµ −
2
3
δµρ ∇ˆσ∇ˆ(νφλ) +
1
3
δµ(ν|∇ˆσ∇ˆ|λ)φρ −
2
3
∇ˆσ∇ˆρφµνλ
+
1
3
δµ(ν|∇ˆσ∇ˆρφ|λ) −
1
3
gρ(ν|∇ˆσ∇ˆκφµκ|λ) +
1
3
δµρ ∇ˆσ∇ˆκφκνλ −
1
3
δµ(ν|∇ˆσ∇ˆκφ|λ)κρ
−1
6
δµ(νgλ)ρ∇ˆσ∇ˆκφκ + gνλ
(1
3
∇ˆρ∇ˆµφσ − 1
3
∇ˆρ∇ˆκφκµσ − 1
6
δµσ∇ˆρ∇ˆκφκ
−1
3
∇ˆσ∇ˆµφρ + 1
3
∇ˆσ∇ˆκφκµρ + 1
6
δµρ ∇ˆσ∇ˆκφκ
)
+O(φ3), (D.2)
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R(µν)λρσ = −4
3
∇ˆρ∇ˆ(µφν)λσ − 8
3
gλσ∇ˆρ∇ˆ(µφν) + 4
3
δ(µσ ∇ˆρ∇ˆν)φλ +
4
3
δ
(µ
λ ∇ˆρ∇ˆν)φσ
+
4
3
∇ˆρ∇ˆλφµνσ + 4
3
δ(µσ ∇ˆρ∇ˆλφν) +
4
3
∇ˆρ∇ˆσφµνλ + 4
3
δ
(µ
λ ∇ˆρ∇ˆσφν)
+
4
3
gλσ∇ˆρ∇ˆκφκµν − 4
3
δ(µσ ∇ˆρ∇ˆκφν)κλ −
4
3
δ
(µ
λ ∇ˆρ∇ˆκφν)κσ −
2
3
δ(µσ δ
ν)
λ ∇ˆρ∇ˆκφκ
+gµν
(
− 4
3
∇ˆρ∇ˆλφσ − 4
3
∇ˆρ∇ˆσφλ + 4
3
∇ˆρ∇ˆκφκλσ + 2
3
gλσ∇ˆρ∇ˆκφκ
+
8
9
Γˆκστ ∇ˆλφρκτ +
8
9
Γˆκρκ∇ˆλφσ +
4
9
Γˆκστgκρ∇ˆλφτ +
8
9
Γˆκστ ∇ˆρφλκτ
−8
9
Γˆκσκ∇ˆρφλ +
4
9
Γˆκστgκλ∇ˆρφτ +
4
9
Γˆκλσ∇ˆρφκ −
4
9
Γˆκστ ∇ˆκφτλρ
−4
9
Γˆκρτgκσ∇ˆτφλ −
4
9
Γˆκρτgκλ∇ˆτφσ −
4
9
Γˆκλρ∇ˆκφσ −
8
9
Γˆκστgλρ∇ˆκφτ
−4
9
Γˆκστ ∇ˆτφκλρ −
8
9
Γˆκρκ∇ˆτφτλσ −
4
9
Γˆκστgκρ∇ˆηφηλτ −
4
9
Γˆκστgκλ∇ˆηφηρτ
+
4
9
Γˆκλρ∇ˆτφκτσ +
8
9
Γˆκρτgλσ∇ˆτφκ +
2
9
Γˆκλρgκσ∇ˆτφτ +
8
9
Γˆκστgλρ∇ˆηφηκτ
+
4
9
Γˆκσκgλρ∇ˆτφτ
)
− (ρ↔ σ interchanged) +O(φ3). (D.3)
The remaining component R(µν)(λρ)σκ is too complicated and not presented.
E Metric-Like Tensor FµM
N = f abc e
c
µ e
b
M E
N
a
In the following equations
εµνρ =
1√−g ǫ
µνρ, (E.1)
where ǫrtφ = +1. The indices are raised and lowered in terms of gµν and g
µν .
Fµν
λ = εµν
λ +
2
3
ελρσ φµρ
κ φνσκ +
4
3
εµν
ρ φλσκφρσκ − 4
3
εµν
ρ φλρ
σ φσ
+
1
6
εµν
λ φσ φσ +O(φ4), (E.2)
Fµ(νλ)
ρ = ελ
ρσ φµνσ + εν
ρσ φµλσ − 2 εµρσ φνλσ − 1
2
δλ
ρ εµν
σ φσ − 1
2
δν
ρ εµλ
σ φσ
−1
2
ελ
ρσgµν φσ − 1
2
εν
ρσgµλ φσ +
4
3
εµ
ρσgνλ φσ +O(φ3), (E.3)
Fµν
(λρ) = 2εν
ρσ φµ
λ
σ + 2 εν
λσ φµ
ρ
σ − 2 εµρσ φνλσ − 2 εµλσ φνρσ +O(φ3), (E.4)
Fµ(νλ)
(ρσ) = δλ
σ εµν
ρ + δλ
ρ εµν
σ + δν
σ εµλ
ρ + δν
ρ εµλ
σ +O(φ2). (E.5)
F(µν)(λρ)
σ =
1
4
ενρ
σ gµλ +
1
4
ενλ
σgµρ +
1
4
εµρ
σ gνλ +
1
4
εµλ
σgνρ +O(φ2) (E.6)
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F(µν)(λρ)
(κσ) =
4
3
δ
(κ
(λ|εµ
σ)τφν|ρ)τ +
4
3
δ
(κ
(λ|εν
σ)τφµ|ρ)τ −
4
3
δ(κµ ε(λ|
σ)τφν|ρ)τ
− 4
3
δ(κν ε(λ|
σ)τφµ|ρ)τ −
8
3
δ
(κ
(λερ)τ(µφν)
σ)τ − 8
3
ε(λ
(κ|τgρ)(µ φν)
|σ)
τ
+
8
3
δ
(κ
(µεν)τ(λ φρ)
σ)τ +
8
3
ε(µ
τ(κgν)(λ φρ)
σ)
τ − 2 εµ(λτgρ)νφκστ
−2εν(λτgρ)µφκστ − 2 δ(κµ δσ)(λερ)ντ φτ − 2 δ(κν δ
σ)
(λερ)µ
τ φτ
−2 δ(κ(λ|εµσ)τgν|ρ)φτ − 2 δ
(κ
(λ|εν
σ)τgµ|ρ) φτ + 2δ
(κ
µ ε(λ
σ)τgρ)νφτ
+2 δ(κν ε(λ
σ)τgρ)µφτ +
4
3
δ
(κ
(λερ)
σ)τgµνφτ − 4
3
δ
(κ
(µεν)
σ)τgλρ φτ
+
4
3
εµ(λ
τgρ)νg
κσφτ +
4
3
εν(λ
τgρ)µg
κσφτ +O(φ3) (E.7)
F Matter action up to O(φ1)
The matter action is composed of the torsion part S
(torsion)
matter , which come from ∆Γ
N
µM ,
and the other part, which are expanded according to the power of φ.
S matter = S
(0)
matter + S
(1)
matter + · · ·+ S(torsion)matter , (F.1)
Here only the part which do not depend on the torsion is presented up to O(φ1).
S
(0)
matter =
∫
d3x
√−g
[
Bµ
λ(∇ˆλ Cµ + 1
2ℓ
gλρ C
(µρ)) +
1
2
B(µρ)
λ (∇ˆλ C(µρ) + 4
ℓ
δρλC
µ)
+
2
ℓ
Bλ
λC0 +B0
λ (∂λ C
0 +
4
3ℓ
gλν C
ν)
]
, (F.2)
S
(1)
matter =
∫
d3x
√−g 2
3ℓ
B0
µC(νλ) φµνλ +
∫
d3x
√−g 2
3ℓ
Bµ
λ gλρ C
ρ φµ
+
∫
d3x
√−g BµλC(ρσ)
[
− 1
6
∇ˆµφλρσ − 1
6
gλρ∇ˆµφσ + 1
3
∇ˆλφµρσ
−δµρ ∇ˆλφσ −
1
6
gλρ∇ˆσφµ − 1
6
δµρ ∇ˆσφλ +
1
3
δµλ∇ˆρφσ +
1
6
∇ˆρφµλσ
+
1
6
gλρ∇ˆκφµσκ + 1
6
δµρ ∇ˆκφλσκ −
1
6
δµλ∇ˆκφκρσ +
1
12
δµρ gλσ∇ˆκφκ
]
+
∫
d3x
√−g B(µν)λC(ρσ)
[
− 1
3ℓ
gλρφ
µν
σ − 2
3ℓ
δµρφ
ν
λσ +
2
3ℓ
δµλφ
ν
ρσ
− 1
3ℓ
δµρ gλσφ
ν +
1
3ℓ
δµρ δ
ν
σφλ −
1
3ℓ
δµλδ
ν
ρφσ
]
+
∫
d3x
√−g B(µν)λCρ
[2
3
∇ˆρφµνλ + 2
3
δµλ∇ˆρφν +
2
3
δµρ ∇ˆνφλ
−2
3
∇ˆµφνρλ + 2
3
δµλ∇ˆνφρ +
2
3
δµρ ∇ˆλφν −
4
3
gλρ∇ˆµφν + 2
3
∇ˆλφµνρ
−2
3
δµλ∇ˆκφκνρ −
2
3
δµρ ∇ˆκφνκλ +
2
3
gλρ∇ˆκφκµν − 1
3
δνλδ
µ
ρ ∇ˆκφκ
]
. (F.3)
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G Spin-3 transformations of Cµ and C(µν)
Here only the parts of δ CM , (4.69) and (4.70), which do not depend on the torsion are
presented up to O(φ1).
[δ Cµ]0 = −
1
2ℓ
ξ(µν) gνρC
ρ − 1
4
gλν C
(νρ) ∇ˆρ ξ(µλ), (G.1)
[δ Cµ]1 =
1
12ℓ
C(νλ) φν ξ
(µρ) gρλ − 1
6ℓ
C(νλ) φνλρ ξ
(µρ) +
1
12ℓ
C(νλ) φµ ξ(ρσ) gνρ gλσ
+
1
12ℓ
C(µν) φλ ξ
(λρ) gνρ − 1
3ℓ
C(νλ) φµνσ ξ
(σκ) gκλ − 1
6ℓ
C(µν) φνλρ ξ
(λρ)
+
1
6
Cν ξ(λρ) ∇ˆµ φνλρ + 1
6
Cν gνλ ξ
(λρ) ∇ˆµ φρ − 1
3
Cν ξ(λρ) ∇ˆν φµλρ
+
1
6
Cν ξ(µλ) ∇ˆν φλ + 1
6
Cν gνλ ξ
(λρ) ∇ˆρ φµ + 1
6
Cν ξ(µλ) ∇ˆλ φν
−1
3
Cµ ξ(νλ) ∇ˆλ φν − 1
6
Cν ξ(λρ) ∇ˆρ φµνλ −
1
6
Cν gνλ ξ
(λρ) ∇ˆσ φµρσ
−1
6
Cν ξ(µλ) ∇ˆρ φνλρ + 1
6
Cµ ξ(νλ) ∇ˆρ φνλρ − 1
12
Cν gνλ ξ
(µλ) ∇ˆρ φρ, (G.2)
[
δ C(µν)
]
0
= −2
ℓ
C0 ξ(µν) +
1
2ℓ
C(µρ) gρλ ξ
(νλ) +
1
2ℓ
C(νρ) gρλ ξ
(µλ)
− 1
3ℓ
gµν C(λρ) ξ(σκ) gλσ gρκ − Cλ ∇ˆλ ξ(µν), (G.3)
[
δ C(µν)
]
1
= − 1
3ℓ
ξ(µν) Cλ φλ +
1
3ℓ
ξ(µλ) gλρC
ρ φν +
1
3ℓ
ξ(µλ) Cν φλ
+
2
3ℓ
ξ(µλ) Cρ φνλρ +
1
3ℓ
φµνλ C
ρ gρσ ξ
(λσ) − 1
3ℓ
gµν Cλ ξ(ρσ) gσλ φρ
− 2
3ℓ
Cν φµλρ ξ
(λρ) +
1
6
C(νλ) ξ(ρσ) ∇ˆµ φλρσ + 1
6
C(νλ) gλρ ξ
(ρσ) ∇ˆµ φσ
−1
3
C(νλ) ξ(ρσ) ∇ˆλ φµρσ +
1
6
C(νλ) ξ(µρ) ∇ˆφρ + 1
6
C(νλ) φρ∇ˆ ξ(µρ)
−1
3
C(νλ) φµρσ ∇ˆ ξ(ρσ) +
1
6
C(νλ) gλρ ξ
(ρσ) ∇ˆσ φµ
+
1
18
gµν C(λρ) ξ(σκ) ∇ˆρ φλσκ − 1
9
gµνC(λρ) gρσ ξ
(σκ) ∇ˆλ φκ + 1
6
C(νλ) ξ(µρ) ∇ˆρ φλ
−1
3
C(µν) ξ(λρ) ∇ˆρφλ − 1
6
C(λρ) φλ ∇ˆρ ξ(µν) + 1
6
C(λρ) φν ∇ˆρ ξ(µσ) gσλ
+
1
3
C(λρ) φνλσ ∇ˆρ ξ(µσ) +
1
6
C(λρ) gµν φσ ∇ˆρ ξ(κσ) gλκ
−1
6
C(λρ) gµν φσ ∇ˆρ ξ(κσ) gλκ − 1
3
gµν C(λρ) φλσκ ∇ˆρ ξ(σκ)
−1
6
C(νλ) ξ(ρσ) ∇ˆσ φµλρ −
1
6
C(νλ) gλρ ξ
ρσ) ∇ˆκ φµσκ −
1
6
C(νλ) ξ(µρ) ∇ˆ)κ φλρκ
+
1
6
C(µν) ξ(λρ) ∇ˆσ φλρσ − 1
9
gµν C(λρ) gλσ ξ
(σκ) ∇ˆκ φρ − 1
12
C(νλ) gλρ ∇ˆκ φκ
+
1
18
gµν C(λρ) ξ(σκ) ∇ˆκ φλρσ + 1
9
gµν C(λρ) gλσ ξ
(σκ) ∇ˆτ φρκτ
+
1
36
C(λρ) gµν ξ(σκ) gλσ gρκ ∇ˆτ φτ + (µ↔ ν interchanged). (G.4)
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For δ C0 = [δ C0]0 + [δ C
0]1 +O(φ2), we have
[δ C0]0 = − 1
6ℓ
ξ(µν) C(λρ) gµλ gνρ,
[δ C0]1 = − 2
3ℓ
ξ(µν) Cλ φµνλ. (G.5)
H [∆Γ
(τη)
µν ]1
O(φ1) corrections to ∆Γ(τη)µν in (4.34) are presented in this appendix. Here the indices
of Tµν,λ are raised by g
µν .
[∆Γ(τη)µν ]1 =
1
8
J (τη)(λρ)
[1
3
gνρφσ Tµλ
,σ +
1
3
gνλφσ Tµρ
,σ − φνρσ Tµσ,λ − φνλσTµσ,ρ
+2gλρφνσκ Tµ
σ,κ − gνρφλσκTµσ,κ − gνλφρσκ Tµσ,κ + 1
3
gµρφσ Tνλ
,σ
+
1
3
gµλφσ Tνρ
,σ − φµρσ Tνσ,λ − φµλσTνσ,ρ + 2gλρφµσκ Tνσ,κ − gµρφλσκTνσ,κ
−gµλφρσκ Tνσ,κ − φνρσTλσ,µ − φµρσ Tλσ,ν + 2φµνσTλσ,ρ − gνρφµσκ Tλσ,κ
−gµρφνσκTλσ,κ + 2gµνφρσκ Tλσ,κ − φνλσTρσ,µ − φµλσ Tρσ,ν + 2φµνσTρσ,λ
−gνλφµσκ Tρσ,κ − gµλφνσκTρσ,κ + 2gµνφλσκ Tρσ,κ − 4gλρφµνκT σκ,σ
+2gνρφµλκ T
σκ
,σ + 2gνλφµρκT
σκ
,σ + 2gµρφνλκ T
σκ
,σ + 2gµλφνρκT
σ,κ
σ
−4gµνφλρκ T σκ,σ − gµρgνλφκτ τT σκ,σ − gµλgνρφκτ τT σκ,σ + 2gµνgλρ φκτ τT σκ,σ
]
(H.1)
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